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Preface

The theory of foliations is closely related to that of differential equations: an ori-
ented one-dimensional foliation is equivalent to a nowhere vanishing vector field
X on a manifold M, and the integral curves of X are solutions of a system of or-
dinary differential equations. Higher-dimensional foliations correspond to systems
of partial differential equations via the Frobenius theorem. When the solutions (or
leaves) are locally equidistant, the foliation is said to be metric. If in addition,
the space B of leaves is reasonably well-behaved, the map M — B that sends a
point of M to the leaf on which it lies is called a metric fibration or Riemannian
submersion.

In the past three or four decades, there has been increasing realization that
these foliations play a key role in understanding the structure of Riemannian man-
ifolds, particularly those with positive or nonnegative sectional curvature. In fact,
all known such spaces are constructed from only a representative handful by means
of metric fibrations or deformations thereof. This is even more pronounced in pos-
itive curvature, where every such space is the image of a Riemannian submersion
from a nonnegatively curved manifold. Further indication of the key role that sub-
mersions play in nonnegative curvature is Perelman’s result that all noncompact
spaces with curvature > 0 are metric fibrations over compact ones.

This text is an attempt to document some of these constructions, many
of which have only appeared in journal form. The emphasis here is less on the
fibration itself and more on how to use it to either construct or understand a
metric with curvature of fixed sign on a given space. The approach differs in this
sense from previous ones in which a typical question would be to ask whether there
exists a metric on the ambient space for which a given foliation has this or that
property. The reader will in fact find that this work has little intersection with
other books on the subject such as Molino’s [91] or Tondeur’s [124]. In particular,
topics such as basic cohomology or Lie foliations are either omitted or only briefly
mentioned. It is assumed that the reader has a working knowledge of differentiable
manifolds and Riemannian metrics, such as that offered in an intermediate level
course in Riemannian geometry.

The first chapter introduces the main concepts and tools that are used
throughout, and relates the curvature of the ambient space with that of the base.
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It further discusses the relation between the geodesics in both manifolds as well
as the Jacobi fields along them, and ends with the description of Wilking’s dual
foliation.

Chapter 2 begins by studying how warping of the fibers affects the curvature
of the ambient space. This is then used to introduce warped products, after which
we discuss the main class of Riemannian submersions, namely those generated by
isometric group actions. The rest of the chapter is mostly devoted to the construc-
tion of spaces of positive or nonnegative curvature by means of submersions. This
includes fundamental examples such as Lie groups, as well as more elaborate ones,
such as the Allof-Wallach and Eschenburg spaces.

Chapter 3 studies the structure of complete, noncompact manifolds with
curvature > 0, beginning with the Cheeger-Gromoll soul construction. We present
Perelman’s proof of the generalized soul theorem, and Wilking’s work on smooth-
ness of the metric projection onto the soul. The converse of the soul theorem,
namely the question of which vector bundles admit nonnegatively curved metrics
is also discussed.

The last chapter deals with the problem of classifying metric foliations on
spaces of constant curvature. Although this is a fundamental question, it is also a
surprisingly delicate one which at the time of writing is still not entirely answered.

We would like to thank Taechang Byun and Luis Guijarro for reading prelim-
inary versions of the manuscript and offering valuable suggestions and corrections.

On a tragic note, the first named author, Detlef Gromoll, passed away during
the final revision phase of this manuscript. He is fondly remembered by his many
friends, colleagues, and former students.



Chapter 1

Submersions, Foliations,
and Metrics

The concept of submersion is dual to what is arguably the oldest notion in differen-
tial geometry, that of immersion. Both are generalizations of diffeomorphisms. In
the presence of a Riemannian metric, it is natural to consider distance-preserving
maps rather than diffeomorphisms. These in turn generalize to isometric immer-
sions, and their metric dual, Riemannian submersions.

1.1 Notation and basic geometric concepts

In order to fix notation, we begin by briefly recalling some of the basic concepts
that will be used throughout. For further details, the reader is referred for example
to [104] or [136]. All maps and manifolds are assumed to be sufficiently smooth.
The tangent space of a manifold M at p € M will be denoted by 1), M or often M),
the algebra of real-valued functions ¢ : M — R on M by F(M) = Fy = C- (M),
and the Lie algebra of vector fields on M by X(M) = X5 = I'T'M; the last term
in the previous identity refers to the space of sections of the tangent bundle T'M of
M. The derivative of a map f: M — N at p is the vector bundle homomorphism
f«: TM — TN from the tangent bundle T'M of M into that of NV which restricts
fiber-wise to the linear map f., : M, — Ny, given by f.,v(¢) = v(¢ o f) for
peEM,ve M, ¢cF(N).

Let I C R be an interval, D € X(I) the standard coordinate vector field on I
corresponding to the identity chart (I,1;) of I. The tangent field of ¢ is the vector
field ¢ along ¢ defined by ¢ = ¢, D.

Definition 1.1.1. Let M™% and B™ denote manifolds of dimension n + k and
n respectively. A surjective map m : M — B is said to be a submersion if its
derivative m,, at any p € M has maximal rank n.
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By the implicit function theorem, the preimage F := 7w~ 1(b) of a point b € B
is a k-dimensional submanifold of M, called the fiber of m over b, even though
7 need not be a fibration in the usual sense. If : : FF — M denotes inclusion,
and p € F, then 1, F}, = ker m,,. For the sake of brevity, we will identify F} with
the subspace 1, F}, of M,,. A fundamental example of a submersion is the tangent
bundle projection mp; : TM — M, where the fiber over p € M is the tangent
space M, of M at p.

Subbundles of the tangent bundle — such as the kernel of the derivative of a
submersion 7 : M — B — of a manifold M are called distributions on M. A (local)
section of a distribution D is a map X : U — D from an open set U of M to the
distribution such that mp; o X = 1y, where 1y denotes the identity map on U.
A distribution D is said to be integrable if the space XD of sections of D is a Lie
algebra under the usual Lie bracket of vector fields.

The Frobenius theorem asserts that if D is an integrable distribution on M,
then each point p of M is contained in some integral manifold of D; i.e., p belongs
to an immersed submanifold N of M, the tangent bundle of which coincides with
the restriction D|y of the distribution to N. In fact, if D is k-dimensional, then
there exists a chart (U, x) of M around p, with z(U) = (—=1,1)"** 2(p) = 0, such
that the slices x71(0,a), for (0,a) € {0} x (—1,1)" C (—1,1)"**, coincide with
the maximal connected integral manifolds of D contained in U; in other words,
these manifolds are given by the fibers of the submersion T ox : U — (—1,1)",
where 7 : (—1,1)* x (=1,1)" — (—1,1)" denotes projection.

R’I’L

| z(U) |
T R¥

The Frobenius theorem can be conveniently reformulated in terms of differen-
tial forms: a differential [-form « is said to annihilate a k-dimensional distribution
D if for any p € M,

a(p)(vi,...,u) =0 whenever vi,...,v € Dp.

Consider the ideal I(D) in the exterior algebra of M of all forms that annihilate
D. Then D is integrable iff I(D) is a differential ideal; i.e., iff d(I(D)) C I(D).
This is an immediate consequence of the fact that D is locally generated by n
independent 1-forms w!,...,w™ which annihilate D, together with the identity

WX, Y] = —dw'(X,Y) + XW'(Y) — YW (X) = —dw'(X,Y)

for sections X,Y of D. In fact, if D is spanned on some open set U by linearly
independent sections X, 41,...,Xn+k, extend the latter to linearly independent
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sections X7, ..., X,,+x on (some open subset of ) U. If w® denote the dual one-forms,
then I(D) is generated by (the kernels of) w!, ..., w™:

IDYNTU ={veTU |wi(v)=0, i=1,...,n}.
Furthermore, setting § = w! A--- Aw™, the integrability condition is equivalent to
dQY=aAQ for some 1-form «, (1.1.1)

since each dw® = > @j Awj for some 1-forms a;; on U.

Definition 1.1.2. Let D denote an integrable distribution on M. The collection of
integral manifolds of D is called a foliation of M. A maximal connected integral
manifold of D is called a leaf of the foliation.

For example, the collection of fibers of a submersion 7 : M — B is the folia-
tion of M induced by the distribution ker 7.. Conversely, the leaves of a foliation
of M are always locally given by the fibers of a submersion rox : U — (—1,1)"
as above. Unlike submersions, the leaves of a foliation need not be imbedded sub-
manifolds of M, as some of the examples below show.

Examples and Remarks 1.1.1.

(i) Let v’ : R® — R, u'(ay,...,a,) = a;, denote the projection onto the
ith factor, and D; the coordinate vector field /0u’ on R™ corresponding to the
chart (R™, 1gn) of R”, i = 1,...,n. Given a real number a, the vector field X =
—u?Dy +u'Dy — aqu*Ds + auD, on R* is tangent to the unit sphere M = S3, and
thus induces a one-dimensional (necessarily) integrable distribution on M. Viewing
M as the set of all pairs of complex numbers (z1, z2) € C? with |z1|? + |22]? = 1,
the one-parameter group ®; of diffeomorphisms corresponding to the flow of X is
given by

Dy(21,20) = (21", 20€"™), tER, (21,22) € S°,

and the leaf through a point p is the orbit {®:(p) | ¢ € R} of the point. When
a = 1, all the leaves are great circles, the space of leaves is CP! = $2, and the map
7 : M — S? that assigns to a point the leaf it belongs to is a submersion, called
the Hopf fibration. When a is, say, irrational, only the leaves through £(1,0) and
+(0,1) are great circles; all others are immersed copies of R.
(ii) Consider the torus Si/ﬂ X Si/\/ﬁ ={(21,22) € S3 | |21|? = |22]? = 1/2}.
The foliation in (i) restricts to a foliation on the torus. It is easy to see that all
the leaves are dense if a is irrational.

(iii) The torus T in (ii) partitions the 3-sphere into two disjoint open sets
Uy = {(21,22) € S3 | |21]? < 1/2} and Ua = {(21, 22) | |22|* < 1/2} with common
boundary T'. These two sets are diffeomorphic via (z1, z2) — (22, 1), and they have
as closure a solid torus D? x S, where D? denotes the unit disk in the plane. In
fact, the map (21, 22) — (v/221, 22/|22|) is a diffeomorphism from U; onto D? x S*.
Thus, any two-dimensional foliation of the solid torus that has the boundary T as
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a leaf induces a two-dimensional foliation of the 3-sphere. We describe one such
foliation below. The resulting foliation of S® is known as the Reeb foliation.
Consider cylindrical coordinates (r, 6, z) on D? x R. Let ¢ be a smooth func-
tion on R that is 0 when < 0, 1 when r > 1, and such that ¢(r) € (0,1) when
€ (0,1). If w is the 1-form on D? x R,

w=¢(r)dr + (1 —¢(r))dz,

then
dw = —¢'(r)dr Ndz = a A\ w,

where a = (2(1 — @) + ¢')dz + (2¢ — ¢')dr. By (1.1.1), the two-dimensional distri-
bution corresponding to the kernel of w is integrable, and the resulting foliation on
D? x R induces one on the solid torus D? x S*. Since the boundary T of the torus
is a leaf, we obtain a two-dimensional foliation of S3 with exactly one compact
leaf.

(iv) Let G be a Lie group, H a closed subgroup of G. There exists a unique
differentiable structure on the quotient space G/ H for which the natural projection
7 : G — G/H becomes a submersion. G/H is then called a homogeneous space.

(v) Let £ =7 : E — M be a vector bundle over M. A (linear) connection H
on £ is a distribution on the total space E such that if H, denotes the fiber of the
subbundle H over v € E, then

1. Ty : Hy — Mz(y) is an isomorphism for all u € E, and

2. pta, Hu = Hau, where pq(u) = au is multiplication by a € R.

The first condition above implies that the tangent bundle of E decomposes as a
direct sum TE = H @ kerm,. The connection is said to be flat if it is integrable.
This is a fairly restrictive condition, since it implies for example that E admits
two complementary foliations.

(vi) A surjective map m : M — B is said to be a fibration if it has the
homotopy lifting property: namely, given a manifold N, and amap f : N — M, any
homotopy H : N x[0,1] — B of mof can be lifted to a homotopy H : Nx[0,1] — M
of f;ie., moH = H, and Hoy = f, where 3 : N — N x [0,1] maps p to (p,t),
0 <t < 1. In other words, one must be able to fill in the dashed arrow in the
following diagram:

N=Nx{o}—1o
7

7 e
H
20 - s
-
-

N % [0,1] —F B
A fibration is necessarily a submersion: let p be in M, b := 7(p). It must be shown
that 7, is surjective. So let v € By, ¢: [0,1] — B be a curve in B with ¢(0) = b,
¢(0) = v. Since ¢ is a homotopy of w o f, where f : {0} — M maps 0 to p, there
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exists a curve ¢ in M that starts at p and projects to ¢. Then 7, (¢(0)) = v, as
claimed. On the other hand, the projection u' : R? \ {0} — R onto the x-axis
is a submersion which is not a fibration. It can be shown that 7 : M — B is a
fibration if it is one locally; i.e., if each point of B has a neighborhood U such that
the restriction 7 : 7=1(U) — U is a fibration, cf. [26]. In particular, a locally trivial
fiber bundle (a map 7 : M — B such that each point of B has a neighborhood U
and a diffeomorphism (7,¢) : 7= 1(U) — U x F for some fixed F) is easily seen
to be a fibration. The converse, though, is in general not true, see [51], [85] for
examples of fibrations that are not locally trivial fiber bundles.

1.2 Metric foliations and Riemannian submersions

The concept of Riemannian submersion is a special case of an elementary notion
that can best be described in the context of metric spaces: Let (M, d) denote a
metric space. A singular metric foliation F of M is a decomposition of M into
connected subsets, called leaves, that are locally equidistant; i.e., for any p € M,
there exist neighborhoods U C V of p such that the following holds: given two
leaves L; and connected components N; of L; NV, i = 1,2, the distance function
q +— d(gq, N1) is constant on NoNU. In the case when U = V = M, the orbit space
M/F inherits a metric from d, and the projection 7 : M — M/F is a submetry:
that is, 7 maps any closed metric ball around p € M onto the metric ball of
same radius around 7(p)[22]. Notice that we do not require the existence of an
isometry, or even a bijection, between two of these subsets. For example, consider
the 2-sphere of radius r with its canonical metric, and decompose it into circles of
latitude. The north and south poles can then be viewed as degenerate circles, and
the quotient metric space is a closed interval of length 7r.

e (ORRY
HnH
M
s
b B

We now wish to examine these concepts in the context of Riemannian man-
ifolds. The wertical distribution )V of a submersion 7 : M — B is defined to be
the kernel of 7, i.e., the collection of tangent spaces to the fibers. A vertical field
is a section of the vertical subbundle ¥V — M, or more simply put, a vector field
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on M that is everywhere tangent to the leaves of the submersion. The space XV
of vertical fields on M is a Lie subalgebra of X(M). It is in fact an ideal of the
algebra of projectable fields on M; i.e., those vector fields that are m-related to
vector fields on B: If E € X(M) is w-related to X € X(B) and U is vertical, then
U is m-related to the trivial field on B, and 7. [E,U] = [X,0]o 7w = 0, so [E, U]
is vertical. Notice that any complementary subspace to ker ., in M, is mapped
isomorphically onto the tangent space of B at m(p). In general, there is no canon-
ical complementary subspace to V,. If M is a Riemannian manifold, however, one
such is the orthogonal complement of V,.

Definition 1.2.1. Let # : M — B be a submersion, where M is a Riemannian
manifold. The horizontal distribution of 7 is the orthogonal complement H = Y+
of V. If in addition B is a Riemannian manifold, then the submersion is said to be
Riemannian if it is isometric when restricted to the horizontal distribution; i.e., if
|mx| = |z| for all z € H.

Thus, Riemannian submersions generalize isometries to the case when n > k,
just as isometric immersions generalize them for n < k. Riemannian manifolds are,
of course, metric spaces, and it makes sense to consider submetries (as defined
above) between them. It can be shown that a submetry between Riemannian
manifolds is a C1'! Riemannian submersion, cf. [19].

Given a Riemannian submersion 7 : M — B, the orthogonal splitting of
the tangent bundle of M induces a decomposition e = e? 4+ eV € H @ V of any
e € TM. We will for the most part abbreviate (Vg F)® by VB F, and similarly for
the vertical component. A basic vector field on M is one that is both horizontal
and projectable. The space B of basic fields is isomorphic to X(B), but is not, in
general, a Lie algebra. Notice though, that since elements of B are projectable,
[B,XV] C XV as above; i.e.,

(X, U]" =0, XeB, Uekx'. (1.2.1)

One would like to have a corresponding notion for foliations. In this case,
there is no base manifold, however, let alone a Riemannian one. Nevertheless,
according to the Frobenius theorem, the leaves of a foliation are locally given
by fibers of submersions, so it suffices to consider the following question: given a
submersion 7 : M — B, where M is Riemannian, does there exist a metric on
the base for which 7 becomes Riemannian? Intuitively, a necessary and sufficient
condition should be that the horizontal metric is invariant under the flow of vertical
fields.To render this precisely, let us denote by g™ the horizontal component of the
metric tensor: g®(E, F) = (E®, F®), E, F € X(M). Horizontal vector fields will
be denoted by X, Y, Z, vertical ones by U, V., W.

Theorem 1.2.1. Let 7 : M — B be a submersion with connected fibers, where M
1s a Riemannian manifold. Then there exists a metric on B for which m becomes
Riemannian iff the Lie derivative Ly g™ of g™ vanishes in any vertical direction U.
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Proof. Suppose the Lie derivative Lyyg™ is zero. Then
0= (Lug") (X, V) = UX,Y) — (U, X", V) — (X, [0, Y], (12.2)

Now, let X, Y denote (local) vector fields on B, and consider their basic lifts
X, Y to M; ie., for p € M, X, is the unique horizontal vector that projects to
X, (p) via m, (smoothness of basic lifts will be established in the next section).
Then [U, X]? = [U,Y]® = 0, and by (1.2.2), U(X,Y) = 0 for any U € XV, so
that (X,Y) is constant along fibers. We may therefore define the metric on B by
(X,Y) := (X,Y). Conversely, suppose 7 : M — B is a Riemannian submersion,
and X, Y € B. By (1.2.1) and the definition of the Levi-Civita connection,

2AVYLY,U) = X(Y,U) + Y(U,X) — U(X,Y)
+ <U7 [X7 YD + <X7 [Yv U]> - <Yv [Ua X]>
= ([X,Y]Y,U),
and V%Y = (1/2)[X,Y]" for basic X, Y. Now, the map [,]V : XP x Xb — XV is

F(M)-linear, since for ¢ € F(M), [¢X, Y]V = ¢[X,Y]¥ — (Yp) XV = ¢[X,Y]".
Similarly, Vv : XB x X® — XV is F(M)-linear, so that

1
VXY =X Y], X Ve xh (1.2.3)

and in particular, the operator VV : H x H — V is a skew-symmetric tensor field,
a fact that will be important in the sequel. This in turn implies that for horizontal
X, Y, and vertical U,

(Lug™)(X,Y) =U(X,Y) = (U, X],Y) - (X, [U,Y])
= (VxU,Y)+ (VyU, X)=—(U, VLY + VYV X)
=0
by (1.2.3). O
Implicit in the proof of Theorem 1.2.1 is the following:

Remark 1.2.1. Let F be a foliation on a Riemannian manifold. Then £y g™ vanishes
horizontally for all U € XV iff V¥ X =0 for all X € Xb.

In particular, the leaves of such a foliation are locally given by fibers of
Riemannian submersions for adequately defined metrics on the local quotients.

Definition 1.2.2. A foliation on a Riemannian manifold is said to be metric if
Lygh is horizontally zero for any U € XV, or equivalently, if VV : H x H — V is
skew-symmetric.

Examples and Remarks 1.2.1. (i) We have used the terminology “metric foliation”
in Definition 1.2.2 instead of the more traditional “Riemannian foliation” because
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the latter is sometimes reserved for foliations on manifolds that are not necessarily
endowed with a global Riemannian metric — i.e., a Euclidean metric on TM —
but rather one on the quotient bundle TM/V only, cf. for example [124]. This
transversal metric is then required to satisfy the same condition that g® does in
our case. In this book, however, a Riemannian foliation always refers to a metric
foliation.

(ii) Let F be a foliation of dimension k on M"+* {(U,,74)}aca an atlas of
charts on M such that for z,, : Uy, — (—1,1)"**, the connected components of the
leaves of F in U, are given by the slices z,1(0,a), (0,a) € {0} x (=1,1)" C R*+k,
Denote by 73 the projection R"™* — R and let 7, = T 0 24 : Uy — (—1,1)7,
so that the slices coincide with the fibers of the submersion m,. For any «, 3 in
A, there is a diffeomorphism fos : 7o (Us NUg) — m3(Ua N Up) such that

fapoma =Tg. (1.2.4)

If M is Riemannian and F is a metric foliation, then by Theorem 1.2.1, there
exists a Riemannian metric on each 7, (U,) for which 7, becomes a Riemannian
submersion. (1.2.4) then implies that each transition function f,s is isometric.

(iii) Suppose U is a Killing vector field on M with no zeros. Then Lyg = 0,
and the one-dimensional foliation generated by the integral curves of U is metric.
The foliation in Examples and Remarks 1.1.1(i) is a metric foliation of this type,
since the one-parameter group of the vector field consists of isometries of S3.

(iv) More generally, let G be a subgroup of the isometry group of a Rieman-
nian manifold M, and suppose that all orbits have the same type (meaning that
any two are equivariantly diffeomorphic), so that there exists a differentiable struc-
ture on the space M/G of orbits for which the natural projection 7 : M — M/G
is a submersion. For g € G, denote by L, : M — M the isometry mapping p to
g(p), and for p € M, denote by A\, : G — M the map that sends g to g(p); i.e.,
A\, maps G onto the orbit G(p) = 7! (n(p)) of p. Then each element U in the Lie
algebra g of G induces a vertical vector field U on M defined by

U(p) = ApxeU(e), peEM,

and the collection of these vector fields span the fibers of 7. We claim that each
such field is a Killing field, so that there exists a unique metric on M/G for
which 7 becomes Riemannian: To see this, let ¢ : R — G denote the Lie group
homomorphism with ¢(0) = U(e), and for ¢ € M, consider the curve t — ¢, (t) :=
Lg+)(q). For any fixed to € R, we have

ca() = Lo((@) = M(0(8)) = Ag(0(t = 10)6(t0)) = Asroa (0t — t0))
= Acq(to)((b(t - tO))
Thus, é4(t0) = Acq(to)*eqb(O) = Ae,(to)xeU(€) = U o ¢4(to), and ¢, is the integral

curve of U passing through ¢ at ¢ = 0. In other words, the flow of U is the
one-parameter group of isometries L), and U is Killing.
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M/G

We could actually have argued this more directly by explicitly exhibiting the
metric on M /G: In order to define the length of a vector x in the tangent space of
M/G at some point 7(p), consider the orthogonal complement H,, of the tangent
space to the fiber 7=1(7(p)) at p. This subspace contains a unique x, such that
m«xp = 2. Define |z| := |z,|. To see that this is independent of the point p in the
preimage, let ¢ be any other point in the orbit G(p) of p, and z, the vector in H,
that gets mapped to x via 7,. By assumption, there exists some g € G mapping p to
q. g preserves orbits, hence also their orthogonal complement, so that g.H, = H,.
On the other hand, m o g = 7, which implies that m.g.xp, = m.zp = = = m.24.
But both g.x, and x4 belong to H,, and the restriction of 7 is one-to-one on this
subspace, so that the two vectors coincide. Since g is an isometry, it follows that
|zp| = |z4], and the norm of x is well defined. On the more elementary metric
space level, notice also that any two orbits in M are necessarily equidistant, so
that the orbit space immediately inherits a metric space structure from that of M.

(v) We have already remarked that the leaves of a foliation F need not
share the same topology. In the case of a metric foliation on a compact manifold
M, though, Reinhart has shown that the leaves have the same universal cover
[109]. In this case, Molino [89] has shown that in a neighborhood of any leaf that
is not closed, there exist transverse Killing fields (i.e., basic fields that project
to Killing fields in a local quotient) the flows of which fill out the closure of
the leaf. This result in turn uses a general construction that consists in lifting
the foliation to a principal bundle over M. More precisely, define the bundle of
horizontal orthonormal frames P(M,F) over M to be the principal O(n)-bundle
(here, n is the codimension of F) associated to the vector bundle H over M.
The lifted foliation on P(M,F) can be described as follows: given p € M, and
a local submersion 7 : U — B defining F in a neighborhood of p, there is a
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natural submersion p : P(U,F) — P(B) onto the bundle P(B) of orthonormal
frames of B, that takes the frame x1, ..., T, to Tex1, ..., Ty, see [91]. The leaves
of the foliation are then locally defined by the submersion p; i.e., they have the
form p~'(q), ¢ € P(B). Returning to the original foliation on a compact simply
connected M, Ghys has shown that there is always at least one compact leaf,
provided the Euler characteristic of M is nonzero [52]. If none of the leaves are
compact, then F is contained inside a higher-dimensional metric foliation F’ that
has at least one compact leaf, and that has the same leaf closures as the original
F. In fact, F’' is obtained by considering the flows of an abelian Lie algebra of
global transverse Killing fields [93].

(vi) If N is a codimension one submanifold of a Riemannian manifold M, then
at least locally, NV is a leaf of metric foliation: given p € N, there exists a parallel
section X of the normal bundle of N on a neighborhood U of p in IV, and € > 0 such
that the sets L := {exp(sX(q)) | ¢ € U}, |s| < e, are the leaves of a codimension
one metric foliation on a neighborhood of p, cf. also Examples 2.2.1. When M
is complete and has positive curvature (or more generally nonnegative curvature
everywhere and positive curvature at one point), we will later see that the foliation
cannot be extended to all of M. Without curvature assumptions, metric foliations
of codimension greater than one generically do not exist even locally, in the sense
that any metric that admits one can be residually perturbed to metrics that do not.

1.3 Horizontal lifts and transversal holonomy

Let 7 : M™ — B* denote a submersion. We begin by investigating the problem of
lifting curves in B to M. At this stage, no Riemannian metric is required. Recall
that a lift of ¢ : I — B to M is a curve ¢ : I — M with woc¢ = c. Lifts are
in general not unique, and we therefore only consider those that have all their
tangent vectors in a given distribution H complementary to the kernel of 7. Such
a curve will be called an H-lift or a horizontal lift. The splitting TM = H @ ker .,
induces smooth projections p™ and p¥ onto the subbundles H and ker,.

It may be assumed without loss of generality that cis a reqular curve; i.e., that
¢(t) # 0 for all ¢t € I: for otherwise, its “graph” ¢; : I — I X B, ¢1(t) = (¢, ¢(¢)) is a
regular curve, and a (T'I @ H)-lift of ¢; for the submersion (17,7) : I x M — I x B
has the form ¢ +— (¢,¢(t)), where ¢ is the desired lift of c¢. We first establish
smoothness of basic lifts of vector fields.

Lemma 1.3.1. Let m : M — B be a submersion, H a distribution complementary
to ker 7y, and X a vector field on B. Then the basic lift of X is smooth.

Proof. Since the statement is local, we need only establish it near any point p of M.
By the implicit function theorem, we may assume, up to a local diffeomorphism,
that there exists a neighborhood of p of the form V = U x N on which the
restriction of 7 is the projection U x N — U onto the first factor. Then ph(X|U7 0)
is a smooth vector field on V' which by construction is the basic lift of X)¢. g
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Proposition 1.3.1. Let 7: M — B be a submersion, H a distribution complemen-
tary to ker m,, and ¢ : I — B a curve. Then for anyto € I and any p € 7 (c(tg)),
there exists € > 0 and a horizontal lift ¢ : [to,to + €) — M of |y, t9+e) With
c(to) = p. Any two such lifts coincide on the intersection of their domains. If, fur-
thermore, I = [a,b] and M is compact (or M is a complete Riemannian manifold),
then € is defined on all of [a,b].

Proof. As noted earlier, we may assume that c is a regular curve. Choose a vector
field X on B such that X o ¢ = ¢ on some neighborhood of ty, and consider the
basic lift X of X to M. Integral curves ¢ of X are by definition horizontal, and
furthermore project down to integral curves of X, since

(Wéé)zﬂ*é:ﬁ*Xoc:XOWOE.

Now (the restriction of) ¢ itself is an integral curve of X, and the first claim follows.
The others are immediate consequences. O

Returning to the Riemannian case, we can now establish the following facts
that will be used many times throughout the sequel:

Theorem 1.3.1. Let m : M — B denote a Riemannian submersion. If c: I — M 1is
a geodesic with ¢(to) € H for some tg € I, then ¢(t) € H for allt € I, and moc is
a geodesic in B. Such a ¢ will be called a horizontal geodesic of M. Furthermore,
if M is complete, then

1. B is complete;

2. w is a submetry; i.e., m maps the closure of the metric ball B.(p) =
{¢g € M | d(p,q) < r} of radius r around p onto the closure of B,(n(p))
for any p € M;

3. the fibers of w are equidistant; i.e., for any two fibers Fy and Fi1, and p € Fy,
the distance between p and Fy equals that between Fy and Fy;

4. mis a locally trivial fiber bundle; i.e., any point b in B has a neighborhood U
such that m=*(U) is diffeomorphic to U x F, where F = 7~ 1(b).

Proof. Suppose ¢ : I — M is a geodesic, with tg € I, p := ¢(to), and z := ¢(to) €
‘H. Choose some interval J C I around tg on which the geodesic cg in B with
¢B(to) = m.x is defined and minimal. By Proposition 1.3.1, c¢p admits a horizontal
lift cpr in M with epr(tg) = p on some subinterval J' of J. We will show that cpy
is length-minimizing, and hence a geodesic. By uniqueness of geodesics, cj; must
then coincide with ¢|;/, and in particular will be horizontal. To see that cjs is
indeed length-minimizing, suppose that ¢g : [a,b] — M is some other curve in M
with the same endpoints as cp;. If L denotes the length function, then

b b b
Liew) = [ ol = [ 1eb] = [ Imedol = Liwo co) = Lien) = Liear),

where the last inequality follows from the fact that cp is minimal.
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Suppose next that M is complete. Statements (1) and (2) are then an im-
mediate consequence of the above. In order to prove (3), let b; := n(F;), ¢ =0, 1;
by (1), there exists a minimal normal (that is, unit-speed) geodesic ¢ : [0,a] — B
from by to b;. Now, the distance between any point of Fj; and any point of Fj is
at least as large as the length of ¢ because 7 is distance-decreasing. Consequently,

d(Fy, Fy) > L(c), (1.3.1)

where d denotes the distance function. On the other hand, for any p € Fp, the
horizontal lift of ¢ starting at p is a curve which ends at some point of F} and has
the same length as c¢. Thus,

d(Fy, Fy) < d(p, F1) < L(c). (1.3.2)

The claim now follows by comparing equations (1.3.1) and (1.3.2).

For the last statement, we will show that given b € B, there exists a neighbor-
hood U of b in B such that 7=!(U) is diffeomorphic to U x F', where F' = 7~ 1(b),
cf. Examples and Remarks 1.1.1(v). Let € > 0 be the injectivity radius of B at b,
and V the metric ball of radius € centered at the origin in the tangent space Bj.
For each x € V, denote by X the section of the normal bundle of F' in M with
7+X = x. Then the map

h:F xV — B(F) = 7 Y(B.(b)),
(p,x) — exp X (p)

is well defined by (1) and differentiable. Given ¢ € B(F), consider the unique
normal minimal geodesic ¢ : [0, a] — B from m(q) to b. If ¢ps denotes the horizontal
lift of ¢ starting at ¢, then cps(a) is well defined by completeness of M, and p :=
cym(a) € F. Then g = h(p, x), where x = —¢(a), and h is surjective. By uniqueness
of horizontal lifts, h is injective. Being defined in terms of the exponential map,
this in turn implies that h has maximal rank. Thus, the composition

U BuUb) " F o v ISR B BL(b)
is a diffeomorphism. O

From now on, we will use the term fibration to refer to a locally trivial fiber
bundle, even though a fibration in the traditional sense of Examples and Remarks
1.1.1(vi) is not always a locally trivial fiber bundle. A metric fibration is just
a synonym of Riemannian submersion. Riemannian manifolds will routinely be
assumed to be complete, unless otherwise specified.

Definition 1.3.1. Let 7 : M — B be a metric fibration, and ¢ : [0,1] — B a piece-
wise smooth curve in the base space. The holonomy diffeomorphism associated to
¢ is the map h. : 7= 1(¢(0)) — 7 1(c(1)) between the fibers over the endpoints of
¢ that maps a point p in the first fiber to the endpoint of the horizontal lift of ¢
that starts at p.
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Observe that the inverse of h. is h_., where —c(t) := ¢(1 —t).

Definition 1.3.2. The holonomy group Hol(b) of a metric fibration 7 : M — B at
a point b in B is the group of holonomy diffeomorphisms h. of the fiber over b,
where c is a piece-wise smooth closed curve at b.

If by and by are points in B and c is a curve joining by to by, then the map

Hol(bg) — Hol(b1),

ey > e © hey 0 hy t

is an isomorphism of holonomy groups.

Examples and Remarks 1.3.1. (i) Proposition 1.3.1 is no longer true in general
if one removes the compactness assumption. The same can be said of Theorem
1.3.1 without the completeness hypothesis: If 7 : M — B is a submersion with
dimM > 1, dim B < dim M, and p € M, then the restriction of 7 to M \ {p} is
still a submersion, but in the topological case, some lifts exist only locally, whereas
in the Riemannian case, 7 is no longer a fibration.

(ii) Let F' = 7~ (b) denote a fiber of a Riemannian submersion 7 : M — B,
b € B, v(F) the normal bundle of F in M. Given z in the tangent space of B
at b, consider the basic section X of v(F) with m, X = . If 21,..., 2k is a basis
of By, then Xi,..., Xk, when evaluated at p € F, span the fiber of v(F) at p,
so that v(F) is a trivial bundle. The Bott connection VB on v(F) is the unique
connection for which basic fields are parallel. VP is Riemannian, since (X,Y) is
constant along F' for basic X and Y. If T'(v(F')) denotes the space of sections of
v(F), then the Bott connection is given by

VEBX =[U,X]*, weTF, XecT(v(F)), (1.3.3)

where U is any local vertical field extending u. To see this, consider a basis X;
of basic sections, and write X = " ¢'X;, ¢; € F(F). Since [U, X;] is vertical by
(1.2.1), both sides of (1.3.3) yield the same expression, namely > u(¢?)X;, thereby
establishing the claim.

The Bott connection actually makes sense in the context of foliations, not
just submersions, and is usually viewed as a connection on the vector bundle H
over M. The Jacobi identity for brackets implies that the corresponding curvature
tensor vanishes. This in turn yields the existence of certain characteristic classes
of the vector bundle H; i.e., cohomology classes of M that depend only on the
foliation, see for example [83], [78].

(iii) In the case of a metric foliation on a complete Riemannian manifold M,
the holonomy maps h. are still defined. The curve ¢ is now a horizontal curve in
M, and h. is obtained by horizontally lifting projections of (restrictions of) ¢ in
local quotients. In general, however, h. will only be a local diffeomorphism be-
tween leaves, since the latter need not share the same topology, cf. Examples and
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Remarks 1.1.1(i). It should be noted that our definition of holonomy is fundamen-
tally different from the one in [91]. There, the holonomy group of a leaf at a point
p is understood to be a certain group of germs of diffeomorphisms of transverse
manifolds that leave p invariant. Our definition, in contrast, is a generalization of
the concept of holonomy in bundles. In fact, when the Riemannian submersion is
a fiber bundle, and the horizontal distribution is a connection, we will later see
that one recovers the usual holonomy group of the connection. If the submersion
7 is only a fibration, then the holonomy group will not, in general, be a Lie group:
it will be shown in section 2.3 that if the holonomy group is a Lie group G, then 7
has the structure of a fiber bundle with group G. There are, however, examples of
submersions whose structure group cannot be reduced to a Lie group [7], see also
Remark 9.57 in [22]. It should furthermore be noted that even when it is a Lie
group and M is compact, the holonomy group itself need not be compact [123].

(iv) Given a Riemannian submersion 7 : M — B, horizontal lifts can in many
cases easily be described directly. One such is the gradient V f of some function
f: B — R on the base. We claim that the basic lift of Vf is V(f o 7): Indeed, for
any e € TM,

(V(fom),e) =e(form) = (me)(f) = (V[ mee). (1.3.4)

Taking e to be vertical in (1.3.4) implies that V(f o) is horizontal, and taking e
to be horizontal shows that V(f o m) is m-related to V f.
In particular, if ¢ is an integral curve of V(f o 7), then

(rod)=moé=m (V(fom)oc)=Vfo(roc),

so that 7 o ¢ is an integral curve of V f; equivalently, integral curves of V(f o)
are horizontal lifts of integral curves of V f.

(v) Let p € B, and € > 0 smaller than the injectivity radius at p. The
gradient of the distance function f : Be(p) \ {p} — R from p, f(q) := d(p, q), has
as integral curves normal geodesics through p. Thus, (iv) yields a different proof
of the existence of horizontal lifts of geodesics.

1.4 The fundamental tensors of a submersion

We are now ready to begin exploring the metric properties of a Riemannian sub-
mersion 7. In this section, we will see that there are two tensor fields that measure
the complexity of m; specifically, they determine by how much 7 differs from a pro-
jection Bx F' — B of a metric product onto one of the factors. Given a Riemannian
submersion 7 : M — B, denote by VM and V? the Levi-Civita connections of M
and B, and by R and R their curvature tensors.

Lemma 1.4.1. If X, Y € X(M) are basic, then so is (VMY)P. In fact, if X, Y
denote the vector fields on B that are m-related to X and Y, then (VA Y)P is



1.4. The fundamental tensors of a submersion 15

m-related to ng’; 1.€.,
(VYR = (VEY)om. (1.4.1)

Proof. Given a basic Z € X¥(M) that is m-related to Z € %(B), the formula for
the Levi-Civita connection implies

2Um VY, Z o) = 2(n VY, 1. 2) = 2(VYY, Z)
=X(Y,Z)+Y{(Z,X) - Z(X,Y)
+{(Z,[X,Y]) + (¥, [Z, X]) — (X, [Y, Z]).

Each term of the form X(Y, Z) above may be rewritten as
XY, Z) = X(mY,n.2)=X((Y,Z)om) =m.X(Y,Z) = (X(Y, Z)) om.
Similarly, (Z,[X,Y]) can be expressed as

(Z,]X,Y)) = (m. Z,m.[X,Y]) = (Z,[X,Y]) o.

Thus,
2Am VXY, Zom) = {X(Y,2)) +Y(Z,X) - Z(X,Y)
+ < N’ [X’ ~]> + <)~/7[Z’X] - <Xv [}772]”’ om
:2<V)Bi(~,Z~>o7r,
which establishes (1.4.1). O

Notice that (1.4.1) also holds for metric foliations, since the argument is a
local one.

Definition 1.4.1. The A-tensor of a metric foliation on M is the tensor field A :
HxH — YV on M given by

1

AxY = VY =5

[X,Y]Y, X, Y e xh. (1.4.2)

The fact that A is indeed tensorial follows from (1.2.3).

Definition 1.4.2. The S-tensor of a metric foliation is the tensor field S : HxV — V
on M given by
SxU=-VyX, XeXxh vex. (1.4.3)

Sx is of course just the second fundamental tensor of a leaf in direction
X. In particular, S = 0 iff the leaves are totally geodesic (in which case we say
the foliation is totally geodesic), whereas A = 0 iff the horizontal distribution is
integrable (in which case the foliation is said to be flat).
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Remark 1.4.1. We caution the reader that the terminology we use here differs from
that in [22] and [97] among others. There, the A-tensor is defined by the equation

ApF =V F* + V. FY.

Thus, the two notations coincide only for horizontal fields. Furthermore, these
references use a tensor field T instead of S, defined by

TeF = VB, FY + VY, FP.

For vertical fields U, V', TyyV is the classical second fundamental tensor of a leaf,
and is related to the S-tensor via

TV = (Sx,U, V)X,

where X; is a local orthonormal basis of horizontal fields.

The curvature formulae that will be derived in the next section involve co-
variant derivatives of these tensors, and for these to make sense, A and S must be
defined for all vectors, not just horizontal or vertical ones. For this purpose, we
set

ApF = VY F? SpF = -V}, F®, E.F € X,

and their covariant derivatives are then taken in the usual sense. For example,
(VEA) R, F» =V g(Ap F) — Avyr Fo — ApV e, Fs, E F; e X.

The tensor fields A and S essentially determine the geometry of the metric
foliation: The simplest example of a metric foliation is the one given by {b} x F,
b € B, on a Riemannian product M = B x F. A metric foliation is said to split
if any point has a neighborhood isometric to a metric product, with the leaves
tangent to one of the factors. Clearly, a foliation that splits is both totally geodesic
and flat. Our next goal is to establish the converse.

Let us begin by taking a closer look at the holonomy transformations from
Definition 1.3.1; recall that such a diffeomorphism h. : 7= 1(by) — 7 1(by) is
generated by lifting a geodesic ¢ : [0,1] — B joining points by and b; in B to M:
given p € m1(by), he(p) = cp(1), where ¢, is the horizontal lift of ¢ with ¢,(0) = p.
Denote by Af : V — H the adjoint of A, : H — V:

(Azu,y) = (Azy,u), r,y€H, ue.
Notice that if X is basic, then for vertical U,
AU = -VBX, (1.4.4)
since [X, U] is vertical by (1.2.1), so that for horizontal Y,

(AXU,Y) = (AxY,U) = (VxY,U) = X(Y,U) = (Y, VXU) = (-V§ X,Y).
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Lemma 1.4.2. Let 7 : M — B denote a Riemannian submersion, and h : FO — F!
the holonomy diffeomorphism induced by the geodesic c : [0,1] — B, where ¢(0) =
m(F°), ¢(1) = n(F'). Given p € F°, let ¢, denote the horizontal lift of ¢ starting
at p. Then for u € F][?,

hou = J(1), (1.4.5)

where J is the Jacobi field along c, with J(0) = u, J'(0) = —Azp(o)u — 8¢, 0)U-

Proof. Set x := ¢(0), and denote by X the basic field along F© with 7, X = x. Let
v : I — F° be a curve defined on some neighborhood I of 0 with 4(0) = u, and
consider the variation V' : [0,1] x I — M of ¢, given by V (¢, s) = expt(X o )(s).
Then h o vy(s) = V(1,s), so that h.u = ViD5(1,0). Since the variation is by

geodesics, the vector field ¢t — J(t) = Vi, Ds(t,0) is Jacobi along ¢, and h.u = J(1).
Furthermore,

J'(0) = Vp,ViDs(0,0) = Vp, VD1 (0,0) = V, X,

and
VuX = VX + ViX = —A} u—Se,)u

by (1.4.3) and (1.4.4). O

Definition 1.4.3. A Jacobi field J along a horizontal geodesic ¢ : [0,a] — M that
is vertical at 0 and satisfies J'(0) = —A%0)7(0) = Si0)J(0) is called a holonomy
field.

Such a field is always vertical, and is identically zero if it vanishes at one point, since
the holonomy transformations are diffeomorphisms. Notice that for ¢ty € (0,a), the
restriction J |[t07a] is again a holonomy field along c|;, ). Thus,

J'(t) = (A + Seq)) I (1), t €[0,a). (1.4.6)

Lemma 1.4.3. If 7 : M — B is a Riemannian submersion with totally geodesic
fibers, and M is complete, then the holonomy diffeomorphisms between fibers are
1s0metries.
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Proof. Consider a holonomy field J along a horizontal geodesic ¢ : [0,1] — M with
J(0) = u, as above. Since J is vertical, and the fibers are totally geodesic, (1.4.6)
implies that

(J,JY =2(J,J") =2(J, JV) = —2(J,S:J) = 0,
and J has constant norm. If & is the associated holonomy diffeomorphism, then

by (1.4.5),
[hwu] = [J(1)] = [J(0)] = [ul,

so that h is an isometry. O
Theorem 1.4.1. Let 7 : M — B be a Riemannian submersion, with M complete.

1. If the fibers are totally geodesic, then w: M — B is a fiber bundle.

2. If, in addition, the A-tensor is identically zero, then w splits. Specifically,
each point b € B has a neighborhood U such that m=*(U) is isometric to
a metric product U x F; furthermore, if ® : U x F — 7n=Y(U) denotes the
isometry, then, mo ® : U x F — U 1is projection onto the first factor.

Proof. We begin with the first statement, by constructing, as in [77], a principal
bundle that has 7 as associated bundle. Fix by € B, let F':= 7~ 1(bg), and G the
Lie group of isometries of F'. For any b € B, GG, will denote the collection of all
isometries F' — 7~ 1(b). Define P = Upe gGp. We claim that 7p : P — B admits a
canonical G-bundle structure, where wp(h) = b if h € Gp. There is a natural free
right action of G on each set Gy: given h € Gy, g € G, set hg := hog: F — 7 1(b).
Let {U,} be a locally finite open cover of B, such that each U, = Be_(by) is
the diffeomorphic image under the exponential map of an open ball of radius €,
centered at the origin in the tangent space of B at b,. Next, choose some geodesic
Cq from by to b,. Given b € U, there is a unique (up to parametrization) geodesic
¢p contained in U, from b, to b. We obtain in this fashion a map

So 1 Uy — WISI(UQ),
b+— he, o he,
that assigns to each b € U, the holonomy diffeomorphism (which in this case is
an isometry by Lemma 1.4.3) along the piece-wise smooth curve ¢, followed by
¢p. Since the map
Ua x G ot Ua ;
— e (W) (1.4.7)
(b,9) ¥ sa(b)g

is a bijection, there exists a topology on P for which these maps become homeo-
morphisms.
It remains to check that the collection

(ﬂ—Paqba) : 7T1;1(Ua) — Uy X G7
h— (wp(h), (sa o mp(h)) ™" o h)
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M

B
Ca bo
Ua

of inverses to (1.4.7) is a principal bundle atlas. But each ¢, is G-equivariant by
construction, and if Ug intersects U,, then

I\

(7P, d) © (TP, da) "' (b,g) = (b,55(0) ™" 0 5a(b)g)

forb € UyNUg and g € G, so that the transition map fn,g: UsNUg — G is given
by fa,5(b) = sg(b)~! 0 54(b). Thus, 7p : P — B is a principal G-bundle over B.
The diffeomorphism
PxgF — M,
[ ] — h(q)

then exhibits M — B as the associated fiber bundle with fiber F.
To prove the second statement, let b € B, F := 7 1(b), and U a simply

connected neighborhood of b that is the diffeomorphic image under exp, of some
ball in By. We consider again the local trivialization
(m,¢) : 7Y (U) — U x F,
g — (7(), cq1))

used in the proof of Theorem 1.3.1, where ¢, : [0,1] — F is the shortest geodesic
from ¢ to F. Notice that for any b € U, the restriction ¢|ﬂ_1(5) is a holonomy
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diffeomorphism, and hence an isometry. We claim that for p € 7=1(U), and hori-
zontal x € M, ¢.x = 0. Indeed, H is integrable, so that the restriction of 7 to the
connected component V C 7= 1(U) of the leaf of H that contains p is a covering
map, and therefore a diffeomorphism, U being simply connected. V then intersects
F in exactly one point, namely ¢(p). If v is a horizontal curve with 4(0) = z, then
~y is contained in V, so that ¢ oy = ¢(p), thereby establishing the claim. It follows
that for e € M, |m.e| = |eP], and |p.e| = |e¥|. Thus, |(m, ¢).e| = |e|, and (7, ) is
an isometry. 0

We end this section by introducing a concept that will be needed in future
sections:

Definition 1.4.4. The mean curvature form of a Riemannian foliation on M is the
one-form k on M given by k(E) = tr Sgn.

If T; is a local orthonormal basis of the vertical space, then for horizontal X,

K(X) =Y —(T;, V5, X) = <Z VTiTi,X> = (T3, [X,To)). (1.4.8)

i i

In particular, the mean curvature vector field H, given locally by H = ). V%Ti,
is the vector field dual to k.

Proposition 1.4.1. For basic X, Y, dx(X,Y) = —2div(AxY).

Proof. Since dx(X,Y) = X(kY) — Y (kX) — s[X,Y], the claim will follow once
we establish that

k([X,Y]) = k([X,Y]?) = X(KY) — Y (kX) + 2div AxY. (1.4.9)
To see this, let X;; := ([X,T;],T}), and Y;; := ([Y, T3], T;). Since X is basic, each
bracket [X, T;] is vertical, so that [X,T;] = 3, X;;T;, and a similar formula holds
for [Y, T;]. Now,
K([X, Y]h) = Z<[[X’ Y]h7 ], Ty)
=> {{IX,Y], T, T:) = ([ X, Y]V, T], T:) }

= > {(X.Y).T).T) + (T, Vo [X.Y])}

=2divAxY + ) ([X,Y], T}, T,),

since the divergence of a vertical field coincides with its divergence in a leaf.
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Furthermore, by the Jacobi identity, the last term may be rewritten as follows:
> XYL, Z{ (X, T, Y], 7o) — ([[Y. T3], X], T3) }

_Z{ (XT3, Y1, Ty) = ([Yig Ty, X1, To) }
—Z{XU T,) — Y (Xi)(T), To) — Yis ([Ty, X1, T5)

X1}
= Z { XYy — Y Xji} + Z {X (Vi) - Y (X))}
= Z {X (Vi) - Y(Xai)}
= Y {X{Y.T).T) - Y{X.T]. 7))

:XZR(Y) —Yr(X). O

Examples and Remarks 1.4.1. (i) We will assume, unless specified otherwise, that
the fiber F of a Riemannian submersion 7 : M — B is connected. By the long exact
homotopy sequence of the fibration 7, B is simply connected provided M is. If
both fundamental tensors A and S vanish, and M is simply connected, de Rham’s
holonomy theorem implies that the local splitting guaranteed by Theorem 1.4.1 is
actually global; i.e., M is isometric to the Riemannian product B x F', cf. [22].

(ii) Although the results in this section are stated for submersions, they
carry over as usual to foliations, at least locally. Thus, if a metric foliation has
totally geodesic leaves, then the holonomy transformations are isometric, and if
in addition the foliation is flat, then the ambient space splits locally as a metric
product.

(iii) Suppose F is a metric foliation with totally geodesic leaves on M. Con-
sider a leaf L, two horizontal vectors x and y at some point of L, and extend them
to basic sections X, Y of the normal bundle of L in M. We claim that the vector
field AxY is a Killing field on L. In fact, if X is basic, then for vertical U,

LxU = (LxU)¥ = VLU (1.4.10)

since [X, U] is vertical and V};X = —SxU = 0. Let U be a unit vertical field. We
must show that (Vg AxY,U) = 0, or equivalently, that

(Lixyp U, U) = 2((Vaxy U, U) — (VyAxY,U)) = —2(Vy Ax Y, U) = 0. (1.4.11)
By (1.4.10), (Lx,y;nU,U) = 0, so that
(LixypU,U) = (Lixy)U,U) =(LxLyU,U) — (Ly LxU,U)
=(VXVYyU - VY VXU, U)
= (R(X,Y)U,U) = (VX V3U - VY VXU, U),
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and
(LixypU,U) = —(VXVRU — VY VRU,U). (1.4.12)

Now, V% VBU = AxVRU = —Ax AL U. If T denotes the endomorphism Ay A3}
of the vertical space, then T* = Ay A%, and by (1.4.12),

(LixypUU)=(T-T")U,U) =(TU,U) - (U,TU) = 0,

which establishes (1.4.11).

We will find in the next section a milder condition which ensures that AxY
is Killing along a leaf, see (1.5.12). It is already clear, though, that AxY can
be Killing without the leaves being totally geodesic: in fact, when the leaves are
one-dimensional, the Killing condition is equivalent to AxY having constant norm
along leaves, and this is for example always satisfied in a space of constant curva-
ture.

(iv) Let F be a metric foliation on a manifold M of nonpositive sectional
curvature. If J is a Jacobi field along a geodesic ¢ of M, then

|J|2” = <J, J>/I = 2<le J>I = 2(<Jlﬂ J/> + <JH, J>) = 2(|JI|2 - <R(J, é)év J>)
> 0.

If F is totally geodesic, then the holonomy fields have constant norm, so that they
must be parallel by the preceding inequality. (1.4.6) then implies that A%J =0
for a holonomy field along a horizontal geodesic c. Since ¢ and J are arbitrary,
A =0, and M splits locally as a metric product. In particular, a negatively curved
manifold admits no totally geodesic metric foliations. A similar result holds if
one removes the sectional curvature condition on M, and assumes instead that
the leaves are compact and have negative Ricci curvature: A theorem of Bochner
asserts that such a leaf cannot admit nontrivial Killing fields, and the claim then
follows from (iii).

(v) Let F be a metric foliation on M. If ¢ : I — M is an arbitrary curve, and
E a vector field along ¢, then the covariant derivative £’ of E may be expressed
in terms of the fundamental tensors A and S. We will denote by o the second
fundamental tensor of the fibers,

o(u,v) :=VBV, wveM, peM,

where U and V are local vertical extensions of v and v. Given ty € I, consider
a Riemannian submersion 7 : U — B defining F in a neighborhood U of c(to),
and extend ¢ and E to vector fields F. and Fg in U. Then EV'® is the restriction
to ¢ of

VinF§ + Vi Fg = A Fy + o (FY, Fy),

so that
EV'h — —ALWEY +0(¢Y, EY). (1.4.13)
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Write E® = Y ¢*(X; o ¢), where X; is a local basis of basic fields, and ¢’ are
functions defined on a neighborhood of ¢y. Then

Ehlh — Zgb“Xz OC—&—Z(JﬁlV%(XlOC)

= [Z ' X;0c+ Z qsiv}ghxi} + Z PV X,

so that if # denotes the horizontal lift of x € B,y to M, then

—~—

EMR = (n,B) — ApucY. (1.4.14)

Thus, the first term on the right side of the equation denotes the basic lift of the
derivative of 7, E. Similarly,

EMY =3¢V (Xiod) =Y ¢IVIX, =D ¢VELX + > ¢ VL X
= Z ngiAéh (Xl o C) - Z ¢iSXiocév7

and
EMY = A E® — Spnc. (1.4.15)

Equations (1.4.13)—(1.4.15) then yield

E™ = (1, B) — Apn” — Al E¥ + o(c¥, EY),

(1.4.16)
E'Y = A E™ — Sgne¥ + EV'V.

(1.4.16) provides another proof of the fact that F splits locally if A and S are
identically zero. One can argue this using either horizontal or vertical fields: for
example, if F is a parallel field along ¢ with E(tg) vertical, then EV is parallel, so
E = EV is always vertical. Thus, V is invariant under parallel translation, and the
claim follows from de Rham’s holonomy theorem.

(vi) If F is a metric foliation on M, then (1.4.16) applied to the tangent field
¢ of a curve ¢ in M yields

P = (mee) — 245 + o (Y, &), ¢V = —Sme¥ + &V, (1.4.17)

Given a normal geodesic ¢ : I — M, define the angle £(F,c) : I — [0,7/2] between
c and F by
cos £(F,c) = &Y.

It is a differentiable function on I, since ¢¥ = 0 if it vanishes at one point. Sup-
pose now that F is totally geodesic. By (1.4.17), ¢¥'V = 0, so that (¢V,¢V) =
2(¢v'V,¢v) = 0. Thus if a metric foliation F is totally geodesic, then the geodesics
of M make a constant angle with F.
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(vii) Denote by H : TM — H C T'M the orthogonal projection onto the
horizontal subbundle. It is interesting to note that the A and S tensors are just
the covariant derivatives in horizontal and vertical directions of this projection
restricted to H, cf. [80]. More precisely, for horizontal = and vertical w,

VeHiy = Az, Spu = —(VyH)z.

In fact, for a horizontal field Y that evaluates to the vector y at the foot-point of
xz, V(HY) = (V,H)Y — HV,Y, so that (V,H)Y = V,(HY) — HV,Y = A.y,
and a similar formula holds for V,H. One can alternatively express this in terms
of the covariant derivatives of the orthogonal projection V : TM — V onto the
vertical distribution, since H + V is the identity, and the latter is parallel.

(viii) Recall that a map f : M — N between Riemannian manifolds is said
to be harmonic if it satisfies the Fuler-Lagrange equation

trVf. =0.

The covariant derivative operator in the above equation is the one induced by the
Levi-Civita connections on M and N. Specifically, f, is a section of the homomor-
phism bundle Hom(T'M, f*T'N), so that

(Vxf)Y = Vx(f.Y) - £,VxY, X,Y € XM.

Suppose now that 7 : M — B is a Riemannian submersion. Then for horizontal
X, (Vxm)X =0 by (1.4.1), and for vertical T', (Vrm,)T = —m, VT It follows
that 7 is harmonic iff the mean curvature vector field is identically zero; i.e., iff
the fibers are minimal submanifolds.

1.5 Curvature relations

Our next goal is to examine the relation between the curvature tensors R of M, RP
of B, and R¥ of the fibers of a Riemannian submersion = : M"t*% — B" n > 2.
Denote by K and K the corresponding sectional curvatures, with K , denoting
the curvature of the plane spanned by the vectors x and y. For the sake of brevity,
we will omit these superscripts when dealing with the Levi-Civita connections. We
begin with the horizontal curvatures. The following formula is commonly referred
to as O’Neill’s formula, even though it was also derived by Gray in [54].

Proposition 1.5.1. Forp e M, and z, y, z € H,,
T R(x,y)z = RP (o, moy, )Tuz + o (2A5 Apy — AL A 2 — AL A ).

Proof. Extend z, y, z locally to basic fields X, Y, Z, and denote by X, Y, Z the
m-related vector fields on B. Then

W*R(X, Y)Z = W*(vayz - Vyvxz - V[)Qy]Z)
=1 (VEVEZ + VRV Z - VEVRZ - VBV Z (1.5.1)
- V[X7y]hZ - V[X7Y]VZ).
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Each term of the form 7. (V% V2 Z) equals (V¢ VyZ) o by (1.4.1). Similarly,
VAVYZ =Vh Ay Z = A% Ay Z,

and
VixypZ = —AZ[X, Y] = 245 AxY

by (1.4.4). Substituting in (1.5.1) then establishes the claim. O

In order to investigate curvature relations involving one or more vertical
vectors, recall from (1.4.6) that a holonomy Jacobi field J along a horizontal
geodesic c¢ satisfies

—(AZ+S:)J.
As in Section 1.4, extend the tensor fields S and A to all of T M by setting
Aof = A [P, Sef :=Sonfv, e, f € TM.

The covariant derivative VpL of a tensor field L along ¢ will be denoted by L'.
Thus, for example, if L is of type (1, 1), then for a vector field FE along c,

L'E = (LE) — L(E").

Let T be a vertical vector field along c. Then

(R(T,é)¢, J) = (R(J,¢)¢, Ty = —(T,J") = (T, (A7 J)') + (T, (Se])")
= (T, A:ALJ) + (T, Se ) — (T, SeJ)
= (A:ALT, J) + (SeT, JY — (Se(T"), J)
= (AALT, J) + (ST, J) 4+ (ST, Iy — (Se(T"), J)
= (AT, J) + ((SeT)', J) = (Se(T"), J) — (SET, J)
= (86— SZ+ A:ADT, J).

Given any tg, the holonomy fields can be chosen so that they form an orthonormal
basis of the vertical space at ¢(tp). Thus,

RY(T,é)é = (Sh— S+ A:ADT, (1.5.2)
or equivalently,
RY(u,z)x = (VYS), — 82 + A A%, reH, uel. (1.5.3)
Similarly, if X is a horizontal field along ¢, then

(R(X,¢)¢, J) = —(X, J") = (X, (AL])) + (X, (SeT)).
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The last term in the above equation equals —(X, AfS.J) = —(S:A:X,J). The
term before that may be rewritten as follows:
(X, (A:J)/> = (X, A2J>I - <X/, ALJ) = (AeX, J>/ - <AC-XI, J)
= ((AeX)', J) + (AeX, =5:T) — (Ae(X), J)
(ALY = SeAe) X, T),

so that
RY(X,¢)e = (ALY —25:.A4:)X, (1.5.4)

or equivalently,
RY(y,z)x = (V3 A)zy — 25, Ay, x,y € H. (1.5.5)
By polarization together with the Bianchi identity, (1.5.5) in turn implies

3RY(z,y)z=RY(z,y+2)(y+2)— R (y,z+ 2)(z + 2) — RV (z,y)y
— RY(x,2)z+ RV (y,x)x + RY(y, )z
= (VyA).z — (VyA).y+ (VYA)z — (VIA).y
—2SyAx 4+ 25, Ay + 45, Asy.
One easily checks that VY A is skew-symmetric; i.e.,
(VIA)y = —(VIA)y,
so that

3RY(z,y)z = (VyA)x + (Vi A)yz + 2(VIA)yx — 28, A,z + 25, Ay + 4S. Asy.
(1.5.6)
In order to derive an alternative expression, we use the following;:

Lemma 1.5.1. O (VYA),z+ O Sz Ayz =0 for z,y,z € H, where O denotes cyclic
summation.

Proof. Extend z, y, z € H), to basic fields X, Y, Z with vanishing horizontal Lie
bracket at p. Then by the Jacobi identity,

1
0= O[X [V, Z)]" =0 [X, Ay Z]* =0 V¥(Ay 2)- O VY, zX
=0 VX (AyZ)+ O SxAyZ
at p. It thus suffices to show that O (VY A)yZ =0 V% (Ay Z). Now,

(VXA Z — VX (Ay Z) = —(AvyyZ + AyVxZ) = AzVxY — AyVxZ
=A;VxY — Ay VzX

since [X, Z] is vertical. Cyclic summation of the last expression yields zero. O



1.5. Curvature relations 27

Applying Lemma 1.5.1 to the first two terms on the right of (1.5.6), we have

3RY(z,y)z =0 (VyA)yz — (VI Ay + 2(VIA)yx — 2S5 Az + 25, Ay
+4S5. Azy
= —3(VYA),y— O Sz Ayz — 25, A.x + 25, A,y +4S. Ay
= —3(VYA),y +35. A,y —3S,A.x — 35, Az,

and
RY(z,y)z = —(VIA)zy + S Ay — SyA.x — S Ay 2, x,y,z € H. (1.5.7)

We next compute RY(x,u)y for horizontal x, y, and vertical u. As usual, extend
these vectors to basic fields X, Y, and vertical field U. Then
RY(X,U)Y = VYV§Y + VX VEY — Vi VRY — VY VYY — Vi )Y
= -VYAyU -V SyU + SynyU — ViAxY + Sy [X, U]V
=—-Ax AU - VY SyU + Sy VYU + SynyU — Sy Vi X
— ViAxY
= —Ax AU — (VX S)yU + Sy SxU — V};(AxY).

Everything but perhaps the last term is tensorial, and it can be rewritten by using
the fact that

~(VEA)XY = ~VH(AxY) + Agy 1Y + AxVBY
— —VH(AxY) — AuyuY — AxApU (1.5.8)
=~V (AxY) + Ay A3 U — Ax AL U,

which incidentally also shows that (VY A),y = —(VyA),x. Substituting this ex-
pression in the above equation for RV(X,U)Y yields

RY(z,u)y = —(Vy A,y — AyAsu — (VYS)yu+ SySau, z,yeH, uel.
(1.5.9)
Applying (1.5.9) to the right side of the identity

RY(z,y)u = RY(z,u)y — RY (y,u)z,
and recalling the skew-symmetry of V¥ A, we obtain

RY(z,y)u = —2(VyA)y — (VyS)yu+ (VyS)zu + [Sy, Salu + (Az Ay — Ay A )u,

(1.5.10)
where [S;, Sy] = S25y—5ySz. (1.5.10) may be expressed in a slightly more compact
form using exterior covariant derivatives: recall that given a connection V on a
vector bundle & over M, the exterior covariant derivative of V is the map d¥
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that assigns to each k-form w € Ay(M,€) on M with values in £ the (k + 1)-form
dVw € Apy1(M,€) given by

k
(@Y w)(Uo,...,Ux) = > (-1)'Vu, (o, ..., Ui, ..., Ux))
=0
+Z ”]w Ul,U]Uo,...,UZ‘7...,UJ‘7...,U]C).

1<J

Now, the S-tensor may be viewed as a 1-form on M with values in the endomor-
phism bundle of TM. From this perspective, d¥VS € Ay(M,End T M) is given by

d¥Sxy = Vx(Sy) = Vy(Sx) — Six,ymn = (VxS)y — (VyS)x
and (1.5.10) then reads:
RY(z,y)u=—2(VyA),y— dVSw7yu + [Sy, Selu + (A Ay — Ay AL )u.
For future reference, we group all these curvature identities together in the

next theorem, along with the Gauss and Codazzi equations for the fibers of 7:

Theorem 1.5.1 (Gray [54], O’Neill [97]). Let 7 : M™% — B™ be a Riemannian
submersion, n > 2, with R, RB, and RY denoting the curvature tensors of M, B,
and a fiber F', respectively. Let p € M, x, y, z € Hp, and u, v, w € V. Denote
by o the second fundamental tensor of the fiber 7=1(w(p)) at p, (U, V) = VBV.
Then

T R(2,y)2 = RB (mox, moy, )muz + T (245 Agy — AL A,z — Ay Azz);
RY(z,y)z = —(VIA)y + S: Ay — SyA.x — Sy Ayz;
RY(z,u)y = =(VyA)ey — AyAju — (VIS)yu + Sy Sau;
RY(z,y)u=—2(VyA),y — dVSw7yu + [Sy, Szlu+ (Az Ay — Ay ALy
R (u,v)w = R (u,v)w + So(v,u)t = Sor(u,w) V3

(
Y (

=y

U, w)

8
I

(Vy.S)zu — (VyS)zw.
Recalling that the tensor field VY A is skew-symmetric, we immediately ob-
tain for the sectional curvatures:

Corollary 1.5.1. With notation as in Theorem 1.5.1, if x, y, u, v are orthonormal,
then

K‘IT*ZEJT*y - Kx,y + 3|Aiby|27
Kf,v = Ky +o(u,u)o(v,v) — o?(u,v);
Ko = (VYS)pu, u) 4 |Akul* — |Spul?.

The second equation in the corollary is of course just the Gauss equation.
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We mention one further consequence of the curvature identities above, which
relates the derivatives of the S and A tensors. By (1.5.9),

<Rv($ﬂ u)yvv> = —<(VXA)1y, v> - (AyA;u, 1}> - <(V;S)UU’ 1}> + <SUSI’LL7U>

Writing out the corresponding expression for (RY(y,v)x, u), equating it to the one
above, and noticing that the second and fourth term appear in both, we deduce

(VES)yu,v) = (VyS)av,u) = =((VyA)ey,v) + (Vi A)yz, u).

We have already remarked that (VY A),z = —(VYA),y. The above identity can
therefore be rewritten as

(Vy8)zv,u) = (V5 S)yu,v) = (Vi A)zy,v) + (VI A)y, u). (1.5.11)

Extending z, y to basic fields X and Y, an alternative expression for the right side
of (1.5.11) is (V4 (AxY),v) + (V,(AxY),u). This follows from (1.5.8) together
with the fact that the operator A; Ay — A, A} is skew-adjoint. Furthermore, the
operator (V}.5), is self-adjoint, since

(VXS)yU, V) = (Vx(SyU),V) = (SgnyU, V) = (Sy(VXU),V)
= X(SyU,V) — (SyU,V¥V) — (VBV,V%Y)
—(SyV,VXU)

is symmetric in U and V. We then obtain the following alternative version of
(1.5.11):
—(dY Sy yu,v) = (Vu(AxY),v) + (V,(AxY), u). (1.5.12)

Examples and Remarks 1.5.1. (i) It follows from Corollary 1.5.1 that if 7 : M — B
is a Riemannian submersion from a manifold M of nonnegative (resp. positive)
sectional curvature, then the target space B also has nonnegative (resp. positive)
curvature. It turns out that virtually all nonnegatively curved manifolds arise in
this way. One typical example is that of projective spaces: the canonical metrics
on CP™ and HP" are those for which the natural projections 7 : §?"+! — CP"
and m : $4"*t3 — HP" become Riemannian submersions. Consider for instance
CP". Denote by J, : R*"2 — Rg”“ the canonical isomorphism sending the ith
standard basis vector e; to D;(p). Then the restriction N of the position vector
field P of R*"*2 P(p) = J,p, to the unit sphere S?"*! is a unit normal field to
the sphere. Identify R?*+2 with C**! via

(‘rlaylv .. '7xn+1ayn+l) = (1']_ + iylv ey T4l + iyn+1)a

and consider the canonical complex structure I on TR"*2 given by

I(Jpv) = Tp(iv), p,v € C"TL
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The fiber of 7 through (21,...,2,) is {(212,...,2n2) | |2| = 1}, so that IN is a
unit vector field on the sphere that spans the fibers. Moreover, I is parallel, so
that

V. IN=IV,N =TIz, xcTS§*" (1.5.13)

The covariant derivatives in (1.5.13) are the Levi-Civita connection of Euclidean
space, but since Ix and IN are both tangent to the sphere, the first covariant
derivative also represents the Levi-Civita connection of the sphere.

The Hopf action of S' on S?"*! is by isometries, so there exists a unique
metric on complex projective space for which the Hopf fibration becomes a Rie-
mannian submersion. Since I N is a unit field spanning the vertical distribution,

[Ayl® = (Aay, IN)? = (y, ALIN)? = (y, (Vo IN))? = (y, Iz)°

for horizontal x and y. Here, we used the fact that if x is horizontal, then so
is Ir: In fact, given any x € T.S*"*1 (Iz,IN) = —(x,I?N) = (x, N) = 0. By
Proposition 1.5.1,

Kﬂ'*z,ﬂ*y =1+ 3<y7 I(E>2

for orthonormal x,y € H. Thus, the sectional curvature K of CP™ satisfies 1 <
K < 4. For any horizontal x, the plane spanned by z and Iz projects down to
a plane of curvature 4 (such a plane is sometimes called a holomorphic plane),
whereas the plane spanned by x and any vector orthogonal to both z and Iz
projects to a plane of curvature 1.

(ii) (An exotic sphere with nonnegative sectional curvature, [59]). Consider
the Lie group Sp(2) consisting of all 2 x 2 symplectic matrices; i.e., matrices @
with quaternion entries such that QQ* = Q*Q = I, where Q* = Q! denotes
the transposed conjugate of Q. Sp(2) admits a standard metric of nonnegative
sectional curvature, namely the negative of its Killing form. The action of Sp(1) =

S3 on Sp(2) given by
vy ot 0

is a free action by isometries, so that there exists a unique Riemannian metric on
the seven-dimensional quotient M7 for which the projection Sp(2) — M7 becomes
a Riemannian submersion. By Proposition 1.5.1, this metric has nonnegative cur-
vature. We will see in 2.6.1 that M7 is an exotic 7-sphere.

(iii) Since the curvature computations in this section are local in nature,
Theorem 1.5.1 holds for metric foliations. Consider a metric foliation F on a
complete space M" of constant curvature . If x > 0, then F cannot be flat
anywhere: suppose, to the contrary, that A, = 0 for some p € M. Let = be a
unit horizontal vector at p, ¢ the geodesic t — exp(tx) in direction z. If X is an
eigenvalue of the self-adjoint endomorphism S, with corresponding eigenvector
u € V,, consider the holonomy field J along ¢ with J(0) = u. Since

J'(0) = —Alu— Szu=—Xu=—X\J(0),
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we have

J(t) = (cos VKt — % sin \/Et> E(t),

where E is the parallel field along ¢ with E(0) = w. But then .J vanishes somewhere,
and is therefore identically zero, contradicting u # 0. The same argument shows
that A, # 0 for any nonzero horizontal x.

Suppose next that £ = 0. We claim that if A, =0, then A = 0 everywhere,
and the foliation splits. In fact, arguing as above, we see that holonomy fields
along horizontal geodesics emanating from p must be parallel: if u € V, is a A-
eigenvector of S, © € Hp, then the holonomy field J along ¢ with J(0) = w is
given by

J(t) = (1= X)E(),
where E is the parallel field along ¢ with E(0) = u. Since J cannot vanish, A = 0,
and J is parallel. It follows that if IV denotes the totally geodesic submanifold
exp Hp, then the vertical distribution is orthogonal to N everywhere; i.e., A =0
and S = 0 along N. But since M has constant curvature, A = 0 along the leaf
through p, and both A and S must then vanish everywhere.

(iv) Consider the isometric R-action on Euclidean 3-space given by glide
rotations:

(t, (z,t0)) — (ez,t + to), teR, (z,t)) €CxR=R>

This action is free and there exists a unique metric of nonnegative sectional cur-
vature on the two-dimensional quotient M? (diffeomorphic to R?) for which the
projection 7 : R® — M? is a Riemannian submersion. This metric is rotationally
symmetric, and we compute its curvature in terms of the distance r = (2 —|—y2)1/ 2
to the z-axis; i.e., K(r) will denote the sectional curvature of M at w(F'), where
F is an orbit in R? at distance r from the z-axis. The vertical space at (z + iy, to)
is spanned by ¢(0), where c(t) = (e (z + iy), t + to), so that a unit vertical vector
field is given by )

T = m(yljl — IDQ + Dg)
Thus,

_ 1 (
(1 4r2)L/2

is an orthonormal basis of horizontal vector fields away from the z-axis. A lengthy
computation now yields

1
X = ;(ach +yDy), Y —yDy + 2Dy +r*D?)

1+ 272 1

X, Y] = ——" (D) —aDy) 4+ ——
[X,Y] r2(1+r2)3/2(y 17 2)+(1+r2)3/2

-D3a

and by Corollary 1.5.1,
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(v) Taking v = v in (1.5.12) and summing over an orthonormal basis of the
vertical space implies that for basic X, Y,

QdiVAXy = —trdVSX7y.

This also follows directly from Proposition 1.4.1, which asserts that the mean
curvature k of the foliation satisfies —dr(X,Y) = 2div AxY: since k is just the
trace of S, the above identity then follows from trod¥ = dotr, which itself reflects
the fact that the trace operator is a parallel section of the bundle (End TM)*, see
for example [136].

(vi) The reader may have noticed that some of the curvature formulae in this
section seem to differ substantially from those in [22] or [97], even allowing for the
difference in notation. For example, O’Neill’s formula for (R(x,y)u,v) does not
involve the derivative of the S-tensor, as ours does. However, substituting (1.5.12)
in our expression for RY(z,y)u yields

(B(z,y)u,v) = (Vo A)ay,u) = (Vud)ey, v) + ([Sy, Sa]u, v)
+ ((Az Ay — AyAL)u,v),

which agrees with O’Neill’s formula.

1.6 Projectable Jacobi fields

We have seen that holonomy fields along a horizontal geodesic ¢ : [0,a] — M arise
by lifting a single geodesic, namely 7o ¢, horizontally along some curve in the fiber
through ¢(0). In this section, we consider a larger class of Jacobi fields along c;
roughly speaking, these fields arise by horizontally lifting a variation of woc rather
than only 7o c. Let F denote a metric foliation on M, ¢ : [0,a] — M a horizontal
geodesic. A Jacobi field J along c is said to be projectable if it satisfies

TV = =80V — A JR. (1.6.1)

The collection of projectable Jacobi fields along c is clearly a vector space
that contains the collection of holonomy fields as a subspace.

Let I denote an interval containing 0, and for s € I, denote by s : [0,a] —
[0,a] x I the map sending t to (¢,s). The wvariational field of a variation V :
[0,a) x I — M of ¢ is defined to be the vector field V. Ds 01 along c. Recall that
if V' is a variation by geodesics (meaning that V; := V o1, is a geodesic for every
s € I), then its variational field is Jacobi.

Proposition 1.6.1. If V : [0,a] x I — M is a variation of ¢ through horizontal
geodesics, then its variational field is projectable.
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Proof. Fix tg € [0, a], and set v(s) := V(to, s), E(s) := ViD1(to,s). Then

JV(to) = V', VaDa(to,0) = V], ViDi(to,0) = E"™(0)
= A EM(0) — Spni¥ (0) + E¥V(0),

by (1.4.16). But F is by assumption horizontal, so that
TV (to) = Amé(to) — SaJV (to) = —(SaJY + AeJ®) (o). O

Establishing the converse to Proposition 1.6.1 requires a little more work:

Lemma 1.6.1. Let 7 : M — B denote a Riemannian submersion, ¢ : [0,a] — M
a horizontal geodesic, and J a Jacobi field along 7o c. Given any u € Vo), there

exists a unique projectable Jacobi field J along ¢ such that
(1) md =, and  (2) JY(0) =u.

Proof. Let I be a small interval around 0, v : I — B a curve with v(0) = ¢(0),
4(0) = J(0). If V, W denote the parallel fields along v with V(0) = ¢(0), W(0) =
J'(0), consider the variation V : [0,a] x I — B of 7 o ¢ given by

V(t,s) = exp. ) LV + sW)(s).

It is easily checked that J = V. Dyo1y. Next, let 4 : I — M be a curve with moy =,
whose initial tangent vector has u as vertical component. For each s € I, denote
by X, the basic field along the fiber through v(s) with 7. X, = (V 4+ sW)(s), and
consider the variation V : [0,a] x I — M of ¢ given by

Vit,s) = XD (s) t(Xs 07)(s).

Since the latter is by horizontal geodesics, its variational field Jis a projectable
Jacobi field by Proposition 1.6.1, and JV(0) = u by construction. Moreover, roV =
V, so that m.J = m,ViDs 019 = ViDgy oy = J. By (1.6.1),

JYNY = VAP = 8,0 — 24,0,
so that
JV = —(Se + AZ)jv — 2Aéjh«

This, together with (2), determines JV uniquely. But J is determined by (1), and
uniqueness of J follows. O

Theorem 1.6.1. If 7 : M — B is a Riemannian submersion, and J is a projectable
Jacobi field along a horizontal geodesic ¢ : [0,a] — M, then m.J is Jacobi along
Toc.
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Proof. Denote by P the space of projectable Jacobi fields along ¢ and by J the
space of all Jacobi fields along 7 o c. By Lemma 1.6.1, the map

Vey X I — P, (1.6.2)

(u, J) —J
that sends the pair (u,J) to the unique projectable Jacobi field J with m,J = J
and JY(0) = u is well defined and linear. Its kernel is trivial by construction, so
that dim P > k+2dim B = dim M + dim B (here, k is the fiber dimension). Next,
consider the linear map

P — M0y X Heo)s
J — (J(0), J(0)).

If J is an element in the kernel, then J™®(0) = 0, and J'Y(0) = —S¢()JY(0) —
A¢0yJ™(0) = 0. Thus, J(0) = J'(0) = 0, and the kernel is trivial. This implies
dimP < dim M + dim B, and by the reverse inequality above, dimP = dim M +
dim B. The 1-1 map from (1.6.2) is therefore an isomorphism, and the theorem
follows. O

Corollary 1.6.1. Let F be a metric foliation on M. If J is a projectable Jacobi
field along a horizontal geodesic ¢ : [0,a] — M, then there exists a variation of ¢
by horizontal geodesics that has J as its variational field.

Proof. Since [0, a] is compact and connected, we may assume that F is defined
by a Riemannian submersion 7. By Theorem 1.6.1, 7, J is Jacobi along 7 o ¢, and
the claim then follows from the proof of Lemma 1.6.1, where such a variation is
explicitly constructed. O

Examples and Remarks 1.6.1. (i) A Jacobi field along ¢ : [0,a] — M that is
projectable at one point tg € [a,b] is projectable on all of [a,b]. In fact, the space
Py, of Jacobi fields along ¢ that satisfy (1.6.1) at the point ¢; contains the set P
of projectable Jacobi fields as a subspace, and has the same dimension as P: as in
the proof of Theorem 1.6.1, the map

Pto I C(t()) X Hc(to)ﬂ
J = (J(to), J™(to))

is an isomorphism.

(ii) Recall that for a submanifold F' of M, and a normal geodesic ¢ : T =
[0,a] — M with ¢(0) L F,), a point to in I is said to be a focal point of F' along
c if there exists a nontrivial Jacobi field J along ¢ with J(0) € F,q, J'V(0) =
—S¢(0)/(0), and J(to) = 0. Here u" denotes the orthogonal projection of u € M)
onto F), and S is the second fundamental tensor of F'. Suppose 7 : M — B
is a Riemannian submersion, ¢ : [0,a] — M a normal horizontal geodesic, and
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F = 771(m(c(0))). By Theorem 1.6.1, if ¢, € I is a focal point of F' along ¢, then
to is a conjugate point of 7 o ¢: in fact, the Jacobi field J above is projectable at
0, hence everywhere by (i). m,.J is then a Jacobi field that vanishes at 0 and t.
It turns out that the order of focal points of ¢ and conjugate points of 7 o ¢, as
well as the indexes of these geodesics, are the same, see [98] for details and further
results.

1.7 The Riccati equation for Jacobi fields

When dealing with Jacobi fields, it is often useful to decompose the second-order
Jacobi differential equation into two first-order ones. Let V denote a vector space
of Jacobi fields orthogonal to a geodesic ¢ : R — M™. We assume that V is self-
adjoint in the sense that (Ji, J3)(¢) = (J1, J2)(¢) for any J; € V and some (and
hence all) t € R. Given ¢t € R, set

V(t) = {J(@) | J eV {J(t) | J €V, J(t) =0} C M.

V(t) is clearly a subspace of M.

Lemma 1.7.1. dim V' (¢t) = dim V. Furthermore, the second summand is trivial for
almost every t.

Proof. Notice first that the sum is indeed a direct one, since the summands
are mutually orthogonal: If J;(¢) belongs to the ¢th summand, ¢ = 1,2, then
(Ji(t), J5(t)) = (J{(t), J2(t)) = 0. Next, set

Vi(t) = {J eV |J{t) =0},  Va(t):={J'(t)| J €V, J(t) = 0}.

The map Vi(t) — Va(t) which sends J € Vi(¢) to J'(¢) is linear, surjective by
definition, and has zero kernel. Thus V;(t) = V,(¢). For any fixed to € R, let
Ji,...,Jk be a basis of Vi(tg), and extend it to a basis Jy,...,J; of V, where
l:=dimV. Then Jx41(to), ..., Ji(to) is a basis of {J(to) | J € V}, and

dimV =1 =k +1 — k = dim Vi (to) + dim{J(to) | J € V}
= dim Va(to) + dim{J(to) | J € V} = dim V (¢o).

To prove the second statement, let tg and Jy,...,J; be as above. We will show
that there is some € > 0 such that Ji (¢),. .., Ji(t) are linearly independent for each
t € (to,to + €). By assumption, Ji41(to), ..., Ji(to) are linearly independent, and
thus remain so for ¢ close enough to tg. On the other hand, if € > 0 is such that the
restriction of ¢ to [to,tp + €] has no conjugate points, then Jy(t),..., Ji(t) must
also be linearly independent for each t € (o, to+¢€): Indeed, if )., a;J;(t) = 0 for
some t € (tg,to + ¢€), then J := > a;J; vanishes at o and ¢, so that J = 0. It now
remains to show that if J € span{Ji, ..., Ji}, then J(¢) ¢ span{Jy+1(¢), ..., Ji(¢)}.
To see this, write J =Y, f;F;, where E1,..., E,_1 are orthonormal parallel fields
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perpendicular to ¢, and f; = (J, E;). Since f;(to) = 0, fi(t) = (¢ —to)g:(t) for some
function g; with g;(to) = f/(to). Thus,

— J(t) — J'(to) L span{J;(to) | i > k} as t — to,
— b0

which establishes the claim. O

Suppose next that dimV = n — 1, where n is the dimension of M. Then for
almost every ¢, ¢ (t) is spanned by {J(¢) | J € V}, and we may define a self-adjoint
operator S(t) on ¢t (t) by setting S(t)u := J'(t), where J is the element of V with
J(t) = u. S is called the Riccati operator of V. Let R(t) denote the self-adjoint
operator R(-,¢(t))é(t) on ¢ (t). Then for J € V,

—R()J(t) = J"(t) = (ST)'(t) = ($"I)(t) + (ST)(t) = (S"+ §*)(1) T ().

Identifying ¢ (t) with W := ¢+(0) via parallel translation along ¢, each J € V is a
curve in W, and S, R are curves in the space S(W) of self-adjoint transformations
of W. Furthermore, the second-order Jacobi equation along ¢ is now decomposed
into two first-order equations

SJ =11, S'+S?+R=0. (1.7.1)

There exists a comparison theory for the above equation which can be used to
derive the Rauch comparison theorems for Jacobi fields, cf. [44], [45]. Here, we shall
only consider a special case. Endow S(IW) with the inner product (A4, B) = tr(AB).
Taking traces of the Riccati equation S’ + S? + R = 0 yields

(tr S) + tr(S?) + Ric = 0, (1.7.2)

with Ric = tr R. Decompose S as S = (tr S/(n—1))I+So, where Sy is the traceless
part of S, so that (I, Sp) = 0. Then

(tr S)?

2\ 2 __
tr(s?) = [ = 20

+|SO|27

and setting s := tr S/(n — 1), (1.7.2) becomes

Ric +So|?
r=—

s +s24+r=0,
n—1

(1.7.3)
Theorem 1.7.1. Let V be an (n — 1)-dimensional space of Jacobi fields orthogonal
to c: R — M™ with self-adjoint Riccati operator S. Suppose furthermore, that
{J(t) | J € V} spans ¢(t)* for allt € R. If Ric(¢) > 0, then S = 0, and Ric(¢) = 0.
In particular, V consists of parallel Jacobi fields.
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Proof. Since {J(t) | J € V} spans ¢(t)* for all ¢ € R, the Riccati operator S is
defined on all of R. Suppose, to the contrary, that S is not identically zero, and
consider the associated equation (1.7.3). Then s(tg) # 0 for some to € R (for if
s =0, then r = 0, hence S = Sy = 0). We may, without loss of generality, assume
that to = 0 and that s(0) < 0 (otherwise, consider t — §(t) = —s(—t +tp)). Let f
denote the solution of

frerP=0 f(0)=s(0)

i.e.,

1
1) = t+1/s(0)

Ify:= f—son(—o00,—1/s(0)), theny’ = f'—s' = — f2+5>+r = —(f—s)(f+s)+r,
so that y is the solution of the O.D.E.

vy =—(f+s)y+r, y(0) = 0.

Consider any nontrivial solution z of the homogeneous equation 2'=—(1/2)(f+s)z.
If u is the function satisfying v’ = 2r/2%, u(0) = 0, then y = (1/2)ux?. But u > 0,
so that y > 0, and s < f. This contradicts the fact that s is defined for all time,
since f(t) —» —oc0 ast /" —1/s(0). O

The condition that the Jacobi fields in V span the normal space of ¢ at
every point is essential: Consider for example R? with the standard metric, and a
geodesic ¢ in R%. If E is a parallel field orthogonal to ¢, then t — J(t) := tE(t)
defines a non-parallel Jacobi field, and represents an (n — 1)-dimensional space of
Jacobi fields satisfying all the conditions of the theorem except for the one above.
The corresponding Riccati operator is S(¢) = (1/t)I which is not defined at 0.

When dimV < n — 1, one can still, following Wilking [141], derive a Riccati-
type equation for Jacobi fields that are transversal to V: Suppose J is an (n — 1)-
dimensional space of Jacobi fields orthogonal to ¢ with self-adjoint Riccati opera-
tor, and V is a subspace of J. As before, define

V)y={J@t) | JeVIa{J(t)|JeV,J(t) =0}
By Lemma 1.7.1, V(¢) and V have the same dimension, and the second summand
vanishes almost everywhere. Let H(t) := V(t)* N é(t)*, and write u = u¥ +uP €
V(t) @ H(t). Given a generic tg € R (i.e., one for which é(¢y)t is spanned by
{J(to) | J € J}), there is a well-defined operator S(to) : H(to) — H(to) given by
S(to)u := Y™ (ty), where Y = J®, J € J, and J(t) = w.
To see this, notice that if J;(tg) = u for i = 1,2, then for any J € J,

(i = J2), J)(to) = (J1 — Ja, ') (t0) = 0,
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so that Jj(to) = J4(to), and hence Ji¥(ty) = J4P(to). Furthermore, JY'®(t5) = 0,
because JY (tg) = 0, so that given a vector field X tangent to H, (JY', X)(to) =
—(JY, X")(to) = 0. Thus, JEB(tg) = JB'B (%) as claimed. Next, we check that S
is self-adjoint: let u; = Y(to) € H(ty), where Y; = JP, Ji(tp) = ui. As remarked
above, JY'B(tg) = 0, so that

(S(to)ur, uz) = (J}', J2)(to) = ((J1 = JY)', Ja) (to) = (J7, J2)(to)
= (J1, J5)(to) = (u1, S(to)uz).

Now, the assignment that sends a vector field X tangent to H to X’? determines
a covariant derivative operator D® on the bundle {(t,u) | t € R,u € H(t)} over
R, and therefore also a system of parallel translations. Use the latter to identify
H(t) with E := H(to), and obtain in the process a map S : I — S(E) from some
interval I containing ¢y into the space of self-adjoint operators on E. With this
identification, S’ = DPS, and for Y = Jb,

Y"” = D"y = D*(SY) = (DPS)Y + S(D"Y) = (S' + S?)Y. (1.7.4)

But DP2Y can also be computed as follows: Define A(t) : V(t) — H(t) by A(t)u =
J'B(t), where J € V, J(t) = u. As we did for S, it is straightforward to check
that A(t) is a well-defined linear map. As usual, assume that Y'(¢g) = J(to) for
Y = JP as above, and consider orthonormal DP-parallel fields X1, ... X, with
Xi1(to) = J(to). Notice that for Z € V,

(1, Z)(to) = (J, Z")(to) = (J, AZ)(to),

so that

IV (to) = A*(to)J (to). (1.7.5)
Similarly,

XU(t) = —A* (D) X4(0), (1.7.6)
since

0=(X;,2) = (X}, Z) + (X;, Z'"™) = (X}, Z) + (Xi, AZ) = (X] + A"X;, Z),
and X/P = 0. Thus, setting R := R(-)¢, ¢, (1.7.5) and (1.7.6) imply

(D"?Y, Xj)(to) = <Jh’h’ Xg)(to) = (J™™, Xy)'(to)
= (J", X5)"(to) — (J™, X1.) (to) = (J, X&) (t0)
<J” Xi)(to) +2(J', X}) (to) + (J, X)) (to)
—<RJ, Xk>(t0) — 2<A*J, A*Xk>(to) + <X17X,/€/>(t0)
—(RY, X)(to) — 2(AA™J, Xj)(to) — (X1, X1)(to)
+ (X1, Xp)' (to)
—(RY — 3AA*Y, X})(to),
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and
D"Y + RPY 4+ 34A4*Y = 0.

Together with (1.7.4), we conclude
S'+ 5% + Rh +344% =0. (1.7.7)

Theorem 1.7.2 (Wilking, [141]). Let J denote an (n—1)-dimensional space of Jacobi
fields orthogonal to a geodesic ¢ : R — M™, with self-adjoint Riccati operator. If
M has nonnegative sectional curvature, then

J=spang{J € J | J(t) =0 for some t} ®{J € J| J is parallel }.

Proof. Set
V :=spang{J € J | J(t) = 0 for some t}.

The collection {Y | Y = J® J € J} is a vector space canonically isomorphic to J/V
via J +V — JB and satisfies (1.7.7). The argument used in the proof of Theorem
1.7.1 can now be repeated verbatim to deduce that S in (1.7.7) identically vanishes,
provided we know that this collection spans H (t) for every t; equivalently, that for
any J € J\V, and any ¢ € R, the vector J(t) is transversal to

V)y={J@t) | JeVIa{J(t)|JeV,J(t) =0}

Suppose, to the contrary, that for some J € J\ V and some t, J(t) = Jy(t) + J5(t),
Ji €V, Jo(t) = 0. Then (J(t), J5(t)) = (J'(t), J2(t)) = 0, and similarly, Ji(¢) L
J5(t). But then Ji(t) = J(¢t)—J1(t) is perpendicular to itself, hence vanishes. Thus,
J(t) = Ji(t), and J — J1 € V, which contradicts the fact that J ¢ V. By (1.7.7),
S = 0, and the fields Y are DP-parallel. But A (and R®) also vanish, so that
Y’ = —-A*Y =0, and any Y is then parallel for the Levi-Civita connection. O

If # : M™% — B"™ is a metric fibration, and ¢ : R — M is a horizontal
geodesic in M, then there is a distinguished (n + k& — 1)-dimensional family of
projectable Jacobi fields orthogonal to ¢ with self-adjoint Riccati operator that
will be used in the next section: define

P, = {J | J is projectable Jacobi along ¢, J L ¢ J®(0)=0}. (1.7.8)

An argument similar to the one used in Theorem 1.6.1 shows that P, has dimension
n+ k — 1. Denote by 7,.P, the space of projected Jacobi fields 7. J, J € P,. Since
every element in P, vanishes at 0, 7.P, has self-adjoint Riccati operator. The
following lemma then implies that P, itself also has that property:

Lemma 1.7.2. Let # : M — B be a metric fibration, ¢ : R — M a horizontal
geodesic, and V' a subspace of projectable Jacobi fields along c. If m.\V denotes the
space {m.J | J € V} of projected Jacobi fields, then V has self-adjoint Riccati
operator iff m.V does.
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Proof. Given J; and Jo in V,
(J1, J3) = (JY, J5¥) + (1, J3P)
= (N, =Sely) = (Y, Acdz) + (0 130 + (7 370
= (Y, =Sedy) = (ALTY, J3) + (JF, 3'0) — (JF, AL J3).
Thus,

<J1’ Jé> - <J{a J2> = <J{17 Jéllh> - <J{1/ha J51>
= (M1, (mad2)') — ((me 1) T Ja),

and the claim follows. O

1.8 The dual foliation

Consider a metric foliation F on a Riemannian manifold M that may be singular
(see Section 1.2) in the sense that the leaves need not have constant dimension.
Wilking [141] introduced a so-called dual foliation of M that plays a key role in
nonnegative sectional curvature: given p € M, the dual leaf through p is defined
by

L#(p) := {q € M | there exists a piece-wise smooth horizontal curve from

p to q}.

To show that the collection F# of dual leaves is indeed a (singular) foliation, it
must be checked that these leaves are smooth immersed submanifolds of M. For
a fixed leaf L of F with normal bundle 7 : ¥(L) — L, consider all vector fields X
on M that can be written as exp,,, Y oexp, ! for some smooth vector field Y with
compact support on v(L) such that 7, Y = 0. The latter condition means that the
points on a flow line of X can be connected to a single point in L by means of
horizontal geodesics. In particular, flow lines are contained in a dual leaf.

Next, consider the collection Xg of all vector fields obtained in this way from
each and every leaf of F, and the group D of diffeomorphisms of M generated
by the flows of these fields. Finally, denote by X the Lie algebra generated by all
vector fields induced by one-parameter subgroups of D, and set

A, ={X(p) | X € X}, pE M.

In general, A will not be a distribution globally, because it need not have constant
dimension, cf. Examples and Remarks 1.8.1(iii). Notice, however, that if X € X
has flow ®; and ¢ € D, then ¢, o X o0 ¢! has flow ¢ o ®; 0 ¢!, and hence also
belongs to X. Thus, A has constant dimension along orbits of D. It follows that
the orbits are precisely the integral manifolds of this distribution. Each orbit is
therefore a smooth submanifold, which by definition coincides with a dual leaf.
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If k£ denotes the dimension of a given leaf of the original foliation, then the
dimension of a dual leaf L# that intersects it must of course satisfy dim M —
k < dim L#¥ < dim M. Both bounds may be taken on: The simplest example
of a dual foliation occurs for a Riemannian product M = B x F. The metric
projection M — B is a Riemannian submersion, and the dual foliation consists of
the collection B x {q}, as ¢ ranges over F'. On the other hand, it is not hard to
see that for the Hopf fibration S — S2, the dual foliation has exactly one leaf;
i.e., any two points of S can be joined by a piece-wise smooth horizontal curve.

Wilking [141] has shown that this is actually a property shared by all folia-
tions in spaces of positive curvature:

Theorem 1.8.1. The dual of a metric foliation in a space M™* of positive curva-
ture consists of a single leaf.

Proof. By definition, horizontal geodesics are contained in dual leaves. The the-
orem follows once we show that the normal space to a leaf along some geodesic
contained in it is spanned by parallel Jacobi fields. Suppose then that some dual
leaf L# has dimension smaller than n := dim M, and consider a horizontal geodesic
cin L#. If the tangent space of L# at ¢(0) intersects the vertical space, choose an
orthonormal basis w1, ..., ur of Vey with u, ..., uy € Lﬁo)v [ > 1. By hypothe-
sis, there exists for each ¢ > [ a curve ~; with 4;(0) = w;, such that if s is small
enough, then ~;(s) can be joined to ¢(0) by a broken horizontal geodesic. Thus,
there exist Jacobi fields Jj,. .., JJx with J;(0) = wu;, and J;(t) € Lfﬁt). Similarly,
choose Jacobi fields Jyy1, ..., Jr4n—1 With Jiy;(0) = 0, such that {J; ;(0)} spans
He(o) N ¢(0)*. By Corollary 1.6.1, Jiy1(t), ..., Jrn—1(t) are also tangent to L#
for all ¢. Finally, denote by Ji, ..., Ji—1 the holonomy fields with J;(0) = u;. Now,
J := spang{J1,..., Jatk-1} is an (n + k — 1)-dimensional space of projectable
Jacobi fields orthogonal to ¢ that are vertical at 0. By dimension considerations, it
coincides with the space P, from (1.7.8). Thus, J has self-adjoint Riccati operator,
and by Theorem 1.7.2,

J =spang{J € J| J(t) =0 for some t} & {J € J | J is parallel }.

Notice that the first summand above is contained in {J; € J | i > [}: For if
J € J, then J is a projectable Jacobi field, so that if J(¢9) = 0 for some tg, it is
the variational field of a variation by horizontal geodesics emanating from c(to);
e, J(t) € Lfi " for all ¢. Thus, J contains a subspace of parallel Jacobi fields of
dimension > [ — 1. Since the two summands of J are point-wise orthogonal, the
normal space of L# along c is spanned by parallel Jacobi fields, as claimed. O

Notice that the proof does not require positive curvature everywhere, so that
the theorem actually holds on any space of nonnegative curvature where the cur-
vature is strictly positive at one point and dual leaves are complete. Wilking’s
result is related to so-called Carnot-Carathéodory structures studied by Gromov
and others, which have deep applications in rigidity problems for noncompact
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rank one symmetric spaces, cf. [92], [100], [65]. Such a structure is defined by a
subbundle H of the tangent bundle of a manifold M together with an inner prod-
uct, so that a horizontal curve (i.e., one tangent to H) has a well-defined length.
One then sets the distance between two points to be the infimum of the lengths of
all horizontal curves that connect them (if such curves exist), or co otherwise. If
any two points can be joined by a horizontal curve, then this distance is actually
a metric on M, called a Carnot-Carathéodory or sub-Riemannian metric, and this
metric induces the original topology on M. Theorem 1.8.1 says that in a space M
of positive curvature, the horizontal distribution stemming from a metric foliation
defines a Carnot-Carathéodory metric on M. In general, if one only assumes the
existence of a horizontal distribution H on a manifold M that is not necessarily
endowed with a Riemannian structure, then Chow’s connectivity theorem asserts
that any two points can be joined by a horizontal curve provided H is completely
nonintegrable; i.e., the tangent space of M at any point can be generated by taking
iterated brackets of horizontal vector fields.

Examples and Remarks 1.8.1. (i) The proof of Theorem 1.8.1 does not require
that the dimension k of a leaf be constant. This implies that the theorem holds
more generally for singular Riemannian foliations in positively curved manifolds.

(ii) By definition, the distribution spanned by the dual foliation contains the
image of the A-tensor. It is therefore easy to find examples of metric foliations
in spaces that are not positively curved where any two points can be joined by a
broken horizontal geodesic: one such is the foliation of R? given by the orbits of
the isometric R-action

R x (R? x R) — R? x R,
(t, (p.to)) — (e"p,t +to).

If, on the other hand, we allow singular Riemannian foliations, then there are
even examples of flat foliations with only one dual leaf: perhaps the simplest one
consists of the foliation of R? by circles of radius r around a point, with 0 < r < oo.

(iii) When the dual foliation consists of more than one leaf, it is in general
singular. One example that will be treated in more detail in Chapter 3 is the
orbit space M = 83 x g1 R? of the free isometric action of S' on the Riemannian
product S3 x R?, where each factor has the standard metric; the action of z € S!
on (p,u) € S% x R? is given by z(p,u) := (pz~!,zu), with p € S? viewed as an
element of C2, and v € C. Since the action is by isometries, there is a metric
of nonnegative curvature on M for which the projection p : S% x R? — M is a
Riemannian submersion. Notice that p(S3 x {0}) = S%(1/2) is the image of the
Hopf fibration. Consider the map

T M= p(53 X R2) — P(53 x {0}),
p(p,u) — p(p,0).

If p; : S3xR? — 3 denotes projection onto the first factor, and o : S — S2(1/2)
is the Hopf fibration, then o o p; = m o p. Furthermore, (2,0) € S35 x R is
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p-horizontal whenever = € S5 is o-horizontal, so that |, o p.(z,0)| = |owz| = |z],
and 7 is Riemannian. This also shows that any p-horizontal curve ¢ with ¢(0) =
(p,u) has its image contained inside p(S® x {u}), and in fact, the restriction of 7
to the positively curved manifold p(S® x {u}) is again Riemannian. By Theorem
1.8.1, the foliation dual to 7 consists of three-dimensional leaves p(S® x {u}),
|u| > 0, and one two-dimensional leaf S?(1/2).

(iv) Wilking has shown that if the dual foliation has complete leaves, then
it is also a (singular) metric foliation provided the ambient space is nonnegatively
curved, see [141]. The set of points for which the dual leaves have maximal dimen-
sion is open and dense in M. This is in particular true for the dual foliation in
(iii), the leaves of which are the boundary of the distance tubes of radius  around
5%(1/2), r > 0. If the curvature assumption is dropped, then the dual foliation
will not, in general, be metric. For example, any codimension one totally geodesic
foliation F of hyperbolic space is the dual of the one-dimensional metric foliation
orthogonal to it, but F is never metric in this situation.

(v) Let F be a metric foliation of a nonnegatively curved manifold, and
suppose that the dual leaves are complete. Let € M), be a horizontal vector,
v € M, a vector orthogonal to the dual leaf through p. We claim that if c is the
geodesic with ¢(0) = z, and E the parallel field along ¢ with E(0) = v, then the
rectangle

V:R x[0,00) = M,
(t,s) — exp sE(t)

is flat and totally geodesic. To see this, notice that the proof of Theorem 1.8.1
implies that E is a parallel Jacobi field which stays perpendicular to the dual leaf
through p. By (iv), each geodesic s — V;(s) := exp sE(t) is horizontal for the dual
foliation, and is therefore vertical for F. For any ¢, there exists € > 0 such that the
restriction c|;; 41 is a local minimal connection between the leaves through c(t)
and c(t + €). However, if V,(t) = V(¢, s), then the restriction of Vs to [t,t + €] also
connects these leaves, and by the second Rauch comparison theorem, it cannot
be longer than the restriction of ¢ to the same interval, see Theorem 3.2.2. The
equality version of that same theorem now implies the claim.

Vs

V;H-e
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1.9 Basic identities

In this last section of the chapter, we gather for convenience of the reader a
list of the definitions and identities introduced so far that are most often used
throughout the text. The notation is the one agreed upon earlier, with X, Y
denoting horizontal fields, T', U, V vertical ones, etc.

e A tensor: )
AxY = §[X, YV, (AYUY) = (AxY,U).
e S tensor and mean curvature form x:
SxU = —-V§X; w(E)=trSgs; dr(X,Y)=—-2div(AxY) =trd" Sxy
(in the last equation, X and Y are assumed to be basic).

e Covariant derivative of a vector field E along a curve c:

B = (m.B) — Apné® — AWE® + (&, BY),
Elv = AéhEh - SEhév + EV/V-

o Curvature identities:
T R(x,y)z = RB (mox, Ty, )Tuz + (AL Ay — AL A 2 — A AzT);

RY(z,y)z = —(VIA)zy + S Ay — SyA.x — Sz Ay z;

RY(z,u)y = —(Vy Aoy — AyALu — (V3S)yu + SySau;

RY(z,y)u = —2(VyA)y — d¥ Sy yu+ [Sy, Solu+ (Az Al — Ay Al )u;
R (u,v)w = RY (u,v)w + So(v,w)% = So(u,uw)V;

u,w)z = (Vy,9)zu — (VY S)zw.

Sectional curvature identities:

Kﬂ*x,ﬂ'*y = Kx,y + 3|A$y|27
Kiv =Ky +o(u,u)o(v,v) — 02(u, v);
Ko = ((VYS)ou, u) + [Aful? — |Spul?.

Holonomy Jacobi field J along a horizontal geodesic c:

J = —ALT — Se.

Projectable Jacobi field J along a horizontal geodesic c:

JV = 8.0V — AT

Riccati equation for S along a horizontal geodesic c:

RY=8,— 82+ A:A;,  R:=R(- ¢



Chapter 2

Basic Constructions
and Examples

2.1 General vertical warping

Any Riemannian submersion can be used to generate new ones by deforming
the metric in the vertical direction. To be specific, let = : (M,(,)) — B be a
Riemannian submersion. Given ¢ : M — R, define a new metric (, ), on M by

(e, o =e*P eV Y)Y+ (P ™), e, feEM, pecM.

Since the horizontal metric is unchanged, 7 : (M, (,)s) — B is still a Riemannian
submersion. X, Y, Z will denote basic fields, T} vertical ones, and V, R the Levi-
Civita connection and curvature tensor, respectively, of (,)s. We will assume that
the deformation is constant along fibers, or equivalently, that the gradient of ¢ is
basic.

2.1.1 The connection
We begin by computing the covariant derivatives. Since [X, T is vertical, we have:

(FrX,¥)o = (TxT,Y)s = (T, (Tx¥))o = —5(T[X, V],

= ST X Y]Y) = (Ve X, Y),

so that
(VX)) = (VxT)P = 24(Vr X )P = 22(VxT)P. (2.1.1)



46 Chapter 2. Basic Constructions and Examples

Similarly, using the formula for the Levi-Civita connection,

22V, X, Ts) = 2(Vr, X, Ta)
= X(T1, To)y + (I3, [T1, X 1)y — (T1, [X, T2])o
= 2X(¢)e*(T1, To) + 2 { X (T1, Tn) + (T3, [T1, X])
—(T1, (X, T2)) }
= 2 {211, 1) (V$, X) + 2(V7, X, T) }.
Thus, y
(VrX)Y = (VX)) + (Vo, X)T. (2.1.2)

Much in the same way,

2VxTh, To)y = X(T1,To)g + (T2, [ X, Th])g + (T1, [T2, X])g
=2X(¢)e*(T1, To) + **{ X (T, Tz) + (T3, [ X, T1])
+(T1, [Tz, X])}
2Ty, To) (Vo X) + 2(VxTi, To) }
=2V, X)(T1,To) g + 2(VxT1, Ta)y,

which implies ~
(VxT) = (VxT)Y +(Vo, X). (2.1.3)

For covariant derivatives of vertical fields in vertical directions, we compute:

2V, To, X) = 2(Vpy To, XV = —X(To, Th) g + (X, [To, Th])o + (T2, [X, T1])o
— (I, [T, X])s
= —X(2*)(To, Th) + ** (X, [To, Th]) + (T2, [X, T1])
— (T, [T%, X]))
= 22T, Tu)(Vo, X) + 2e2*(Vr, To, X),
so that
(V, T2)® = e {(Vp, T2)* — (T1, T2) V). (2.1.4)

Next, we have

2029V, Ta, T3) = 2(N 7, Ta, T3)
=T (T2, T3)¢ + To(T5, 1)y — T5{T1,T2)¢
(T3, [Th, Ta)) + (To, [T3, T1]) g — (T4, [T2, T3]}
= V{11 (Ty, Ts) 1 To (T3, T1) — T5(T1, T»)
+ (T3, [T1, To]) + (T, (T3, T1]) — (T1, (T2, T3)) }
= 2%V, Ty, Ts),
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so that ~
(Vi T2)¥ = (Vr, T2)". (2.1.5)

The horizontal and vertical parts in the above identities may be combined
into one. o will denote the second fundamental tensor of the fibers in the original
metric, o(T1,Tz) = (Vr,T2)?, and similarly, the point-wise adjoint A* of the A-
tensor is the one with respect to the original metric. We then obtain:

Vi Ty =V, Th + (2% — 1)o(Ty, Tp) — e2?(T1, Tu) V¢, (2.1.6)
VrX =VrX 4 (1 - 2 AT + (Vo, X)T, (2.1.7)
VxT = VxT + (1 — 2?)A%T + (Vé, X)T. (2.1.8)

It rem@ins to compute \V/ xY. Since the metric is unchanged in the horizontal
direction, (VxY )P = (VxY)P, whereas

2UVXY, Ty = ([X,Y],T)g = 2?([X,Y],T) = 2> (VxY,T) = 2(VxY,T)y.
Thus, (VxY)¥ = (VxY)Y, and

VxY =VxY. (2.1.9)

2.1.2 The curvature tensor

The curvature tensor R of (,)4 can be readily derived from the above identities. Let
us begin with terms involving horizontal vectors. In order to find the expression
for R(X,Y)Z, we compute, using (2.1.9) and(2.1.8),
@Xﬁyz S @XVYZ S @X((Vyz)h + (VyZ)v)
=Vx(VyZ)P + Vx(VyZ)¥ 4+ (1 — 2?)A% (Vy Z)¥
+(Ve, X)(Vy Z2)¥
=VxVyZ+ (1 - e®")AYAyZ + (Vé, X)Ay Z.
Interchanging X and Y yields of course a corresponding expression for Vy Vy Z.
By (2.1.9) and (2.1.7),
@[va]Z = @[X7Y]hZ + @[ny]vZ
= VixypZ + VixypZ + (1= )AL X, Y] + (Vo Z)[X, Y]
= Vixy)Z +2(1 = )AL AxY +2(V¢, Z) AxY.

Adding these identities then yields

R(X,Y)Z =R(X,Y)Z + (1 — 2*) (A% Ay Z — Ay Ax Z — 2A5 AxY)

(2.1.10)
+(Vo, XAy Z — (V$,YVAx Z — 2(Vp, Z)AxY.
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Taking vertical and horizontal parts, we obtain

RY(X,Y)Z = RV(X,Y)Z + (V$, X)Ay Z — (Vo,Y)Ax Z — 2(V$, Z)AxY,
(2.1.11)
and

RMX,Y)Z = RMX,Y)Z+ (1 — *) (A% Ay Z — Ay Ax Z — 245 AxY). (2.1.12)

Recalling the relation between the curvatures R of M and Rp of B, the last
identity may be rewritten as

RMX,Y)Z = (1-e*)Rp(X,Y)Z + 2*R*(X,Y)Z, (2.1.13)

where we denote by the same letter a basic field on M and the vector field on B
that is m-related to it.
Next, we look at terms that only involve vertical vectors.

To find RP(T, T2)T3, we first calculate (V7 X)P for nonbasic X:
(VrX)P = (VxT)P + [T, X|" = 2*(VxT)P + [T, X"
=2 {(VxT)* + [T, X]*} + (1 — *)[T, X]"
= e2VxT + (1 — *)[T, X]P.

Using (2.1.6), we then obtain

(Vr (VT = (V2 (V)P — (o, T3)Ve)) "
= 2 (Vo (Vi To)P) " — T (To, Ts)V o — (To, T5)Vir, V)

) h
(Vi (Vi T5)®) ™ + (1 — €2) (T4, (Vo Ts) )
2

= (Vo(m,13) Tl)h) T\(Ty, T5)V — (T, Ts)(V1, V)"
— (T3, Ty)(1 — *) A%, Ty}
= (Vo (Vi T5)™)" + (1 — ) (Vi (Vi T5)P) "
— Ty (Ty, T3)V — (T, T3)(Vr, V)P
—(T»
e**{(2 -

T3>(1 - €2¢)A* ¢T1}

) (Vo (Vg To)?) ™ = T1(To, T5) Vb
+ (13, T3>62¢A*V¢Tl },

and

(Vr, (@TQTS»)V)h = (Vn, (VT2T3)V)h =e*{(Vn, (VT2T3)v)h
— (T}, Vi, T5)V ).
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Assuming without loss of generality that [T7, T3] = 0,

RM(T1, To)T5 = 2*{(2 — €*?))R™(T1, To)T5 + ( — T1 (T, T5) + To (T, T5)
— (T, V1, T3) + (T2, V1, T5)) Ve
+ P AL, (T, T5)Ty — (T1, T3)T») }.
The coefficient of V¢ in the above identity is zero, however, so that we finally
obtain:
e 20 RY(Ty, To)Ts = (2 — e*)RP(Ty, To) T3

(2.1.14)
+ 20 AL, (T, Ts)Ty — (T, T5)T3).

In order to express the vertical component of R(T}, T2)T3, we use (2.1.6) and
(2.1.7): o :
(le (VT2T3)V) = (le (VT2T3)V) = (le (VT2T3)V) s

whereas
(Vo (Vo T5)P)" = (Vo (2{(V, Ts)" — (T2, T5)V$})) ™
= {Vr, (Vr,T5)" — (T», T5)Ve)"
+(Vo, (Vi, Ts)* — (To, T5) V) T1 }
=2 {Vr, (Vr,T3)")" + (Tn, T3) (SveTi — |Vo[*T1)
+(Vo, V1, T5)T1 }
=Vn ((VTZTs)h)V +(1- e2¢)So'(T27T3)T1
+ 2 (T, T5) (Svo T — |V|*T1)
+(Vo,o(Ty, T3)>T1}.
Thus,
RY(Th,To)T5 = R¥ (T4, T2)T5 + (1 — €*){ Sy (1. 1) Tt — Sy 1) T2}
+*{(Sve — |V 1) (T2, T5)T1 — (T1, T5)T3) (2.1.15)
+(Vo,0(T2,T3))T1 — (Vo,o(Ty, T3)) 1>}
This identity may be rewritten as follows: According to the Gauss equation,
RY(Ty, T5)T5 = R¥ (T1, T2)Ts + So(ry 1) T2 — So (1,1 11

where R denotes the intrinsic curvature of the fiber (with respect to the original
metric). Substituting this into (2.1.15) then yields

RY(Ty, To)Ts = (1 — 2®)RE(Ty, To)Ts + €** RY (T}, T») T
+e2{(Svy — VoI’ I) (T2, T5)Ty — (T, T3)T2)}  (2.1.16)
+ e {(Vo,0(T2, T3))Ty — (Vo,o(T1, T5))T» }.
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We next compute R"(X ,T)Y, which involves the following five expressions:

(Vx(V2Y)*)" = (Vx{(V2Y)" + (V$,Y)T})"
= (Vx{(VrY)" + (Vo Y)T}) + (Vo, X)((V7Y)"
+(Ve,Y)T)
= (Vx(VeY)")" + {(VxV8,Y) + (Vo VxY)
+(Vo, X)(Vo,Y)}T + (Vo, Y)(VxT)”
+(Ve, X)(VrY)Y,

(Vx (VoY) = (Vx(e**VrY)?)" = 2 (Vx (VrY)R)7,
(Vr(VxY)?) = (Vo (VxY)?) = (V2 (VxY)?) + (Vo, VxY)T,
(Vo(VxY)Y)" = (Vo(VxY)Y)" = (Vo (VxY)Y)",

(VixnY) = (VixmY)¥ + (Ve Y)[X, T].

Let hg denote the Hessian form of ¢, hy(X,Y) = (VxVe,Y) = (X, Vy V).

Adding the above expressions then yields
RY(X,T)Y =RV(X,T)Y — (1 -€**)(Vx(VrY)")" + {he(X,Y)
+(V, X)(Vo,Y) }T + (Vo,Y) (V1 X) + (Ve, X)(VY)".
Equivalently,
RY(X,T)Y = RV(X,T)Y + (1 - *)Ax A} T + {h4(X,Y)
+ (V. X)(V,Y)}T — ((Vo, X)SyT + (Vo,Y)SxT).
(2.1.17)

All other curvature identities can be derived from the previous ones using
symmetries of the curvature tensor. For example, to obtain R®(X,T)Y, (2.1.11)
implies

(R (X, T)Y, Z) = (RP(X,T)Y, Z)y = (R*(Y, )X, T),
=(R"(Y,2)X,T)p +(Vo,Y)(AzX,T)y
—(V9,Z)(Ay X, T)y — 2(Ve, X)(Ay Z,T)y
= e {(RY(Y,2)X,T) + (Vo,Y)(Az X, T)
— (Vo Z)(Ay X, T) = 2(V, X)(Ay Z,T) }
= {(RM(X,T)Y, Z) — (Vo,Y)(AXT. Z)
—(Vo, Z)(Ay X, T) = 2(Vo, X)(AV T, Z) },
so that

e 2RMNX, T)Y = RRM(X,T)Y — (Vo, YVAYXT — 2(Vo, X)ALT + (AxY, T)V¢.
(2.1.18)
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Similarly, to compute Rh(T 1, X )T5, one can proceed as follows:
(R™(Ty, X)T5,Y) = (R™(T1, X)T3,Y )y = (RY (X, T1)Y, T2)s
= (R(X,T0)Y, To)s + (1 — ) (Ax A} T1, To) g
+{he(X,Y) +(Vo, X)(V,Y) HT1, T2)
—(Vo, X)(SyT1, To)y — (Vo,Y)(SxT1, To)e
= @ {(R(X,T)Y, Ty) + (1 — 2*)(Ax Ay Ty, T)
+{he(X,Y) +(Vo, X)(V,Y) [T}, T2)
—(Vo, X)(SyT, Tz) — (Vo,Y)(SxT1, T») }
= {(R(T1, X)T5,Y) — (1 = **) (A4 1,11, Y)
+(T1, To){(Vx Ve, Y) + (V, X)(Ve,Y)}
—(Vo, X)(Vr, T, Y) — (SxT1,T2)(Vo,Y) }.
Thus,
e P RM(Ty, X)Ty = R, X)Tp — (1 — ) A%y 3, Ty + (11, T2)(V$, X) Vo
—(X,0(T1, Tu))\Vé — (Vé, X)o(Ty, Ts)
+ (T1, To) (Vx V)b
(2.1.19)

For R(T),T») X, we use the Bianchi identity and (2.1.19):
e 2 RY(T, To) X = e 2 (R™(T1, X)T») + R™(X, T»)T1)
= RMT1, X)To + RM(X, To)T1 — (1 — €**) A%y 1, Th
+(1— €2¢)AZ;(T1T27
so that
e P RM(T, To) X = RMT1, To) X + (1 - €29) (A% 1, To — Al 1, Th). (2.1.20)
The latter identity can also be used to derive RY(X,Y)T: Notice that
(Ao 7T, Y) = (T, Aus 1Y) = —(T1, Ay AXT).
Thus,
(R(X,Y)T,T1) = e **(R(X,Y)T, Th)g = e **{R(T, T1)X,Y),
= (R(T, T)X,Y)
= (R(T,T1)X,Y) + (1 — e**)(— (Ay A% T, T1)
+ (T, AyA}TQ)
= (R(X,Y)T,Th) + (1 — e*){(Ax A} — Ay A%)T, Th),
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RY(X,Y)T = RY(X,Y)T + (1 — 2?)(Ax A} — Ay A%)T. (2.1.21)

Finally, by (2.1.11),

so that

e 2RMNX, V)T = RM(X,Y)T — (V¢, X)AL T + (V, V) A% T

(R(X,Y)T, Z)

(RX, YT, Z)y = —(R(X,Y)Z,T)g
e (R(X,Y)Z,T)
—e*{(R(X,Y)Z,T)+ (V¢, X)(Ay Z,T)
—(V6,Y)(AxZ,T) —2(Ve, Z)(AxY,T)}
= {(R(X,Y)T,Z) — (V¢, X)(A} T, Z)
+ (VO YVAXT, Z) + 2(V¢, Z)(Ax Y. T) },

(2.1.22)
+2(AxY, T)Vé.

2.1.3 The sectional curvatures

The results from the previous section yield corresponding identities for the sec-
tional curvatures. Given (not necessarily orthonormal) vertical v, w and horizontal
z,yin My, p€e M, let

etc. Then

6_4¢];(T17 TQ) =

k(v,w) := (R(v, w)w, v),
I%(uw) = (R(v,w)w, v)y,
kB(‘rﬂy) = <RB(7T*x77T*y)7T*y77T*$>Ba

E(X,Y)=(1-e*)kp(X,Y) + 2%k(X,Y), (2.1.23)
E(X,T) =k(X,T) — (1 - e*)|A%T|? + 2(Vo, X)(X,0(T,T))
S (2.1.24)
— (hg(X, X) +(Ve, X)) |T|",
e (1 — 2V kp(T1, Ty) + k(T1, Ty)
+(Vo,o(T1, )| Tof* + (Vo,0(T2, To))|T1 [* (2.1.25)

= 2(V¢,a(T1, To))(T1, To) — |[Vo|* (|T1[*| T2
— (T, T»)?).
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2.1.4 The Ricci curvature

Let k denote the dimension of the fibers. Recall from Definition 1.4.4 that the mean
curvature form of the submersion is the horizontal 1-form x, where x(u) = tr Syn,
and the mean curvature vector field is the (horizontal) vector field H dual to k:
(H,Y) = r(Y). If T; is a local orthonormal basis of vertical vector fields, and X
a local basic one, then locally, H = ), V1, T}, because

(H,Y)=trSy =Y (SyT,,Ti) ==Y (V5,Y,T)) <ZVTT>
The Laplacians Ap¢ and A¢ of ¢ on B and M are related by Aggp = A ¢p+x(Ve),
since

AB¢ = Zh¢(vaXj) = A¢ - Zh¢(TuT1) = A¢ — Z(VTiV¢, Ti>
J i i

=A¢p+(Vo,H).

We denote by Ric”(u,v) the trace of the operator w — R(w,u)v restricted to the
horizontal space, and by Ric" the one restricted to the vertical space. As usual, a
basic field on M and the m-related field on B are denoted by the same letter. Let
T; := e~%T}, so that T; is a local orthonormal basis of the vertical space in the
¢-metric. Novv

—_— ——h —V
Ric(X,Y) = Ric (X,Y) + Ric (X,Y)

i R(X:, X)Y, X;)

HM;@
<
©-

where b
Ric (X,Y) = (1 —e*)Ricp(X,Y) + ?? Ric®(X,Y) (2.1.26)
by (2.1.13). On the other hand, (2.1.17) implies

REV(X,Y)—Z@((T X)Y,T;) —e2¢z ;)
Z R(Ty, X)Y, Tj) = Z<R(X,Tj)Y,Tj>

~ RIS AT )

- Z{h¢(X, Y) +(Ve, X)(Vo, Y) T, T)

+(Vo, X)) (YT, Tj) + (Vé,Y) Y (SxTy, Ty)
= RicV(X,Y) — (1 — *?) tr Ax A} — k{hs(X,Y)
+(Vo, X)(Vo,Y)} + (Vo, X)(Y, H) + (Vo,Y)(X, H).
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Recalling that tr Ax A% = (1/3)(Ricp(X,Y) — Ric®(X,Y)), we obtain

Ric (X,Y) = Ric¥(X,Y) — %(1 —¢**)(Ricp(X,Y) - Ric*(X,Y))
— k{hs(X.Y) + (Vo, X)(Vo, Y} + (Vo, X)(v, 1) (21:27)
+(Vo,Y)(X, H).
Adding (2.1.26) and (2.1.27) then yields

Ric(X,Y) = Ric(X,Y) + 3(1 —e?*)(Ricp(X,Y) — RicP (X, Y))
(Ve XWY, H) + (Vo YIX, H) — k{hy(X,Y)  (21.28)
4 (Vé, X)(Ve,Y)1.

For the “vertizontal” Ricci curvature fhvc(X ,T), we have
— ——h —V
Ric(X,T) = Ric (X,T)+ Ric (X,T)
- Z (X0, X)T, X3) g + > (R(T5, X)T,T)),
J
where, by (2.1.11),
(R(X:, X)T, Xi)g = —(R(Xs, X)X, T)y = —€*(R(X;, X) X;, T)
= —"{{R(X;, X)Xi, T) + (Vo, Xi)(Ax X, T)
Thus,
—h
Ric (X,T) = **{Ric™(X,T) + 3(Ay4 X, T)}. (2.1.29)
Furthermore, by (2.1.14),
(R(Tj, X)T, Tj)g = (R(T,Tj)Tj, X) ¢ = 6_2¢<R(T T;)7T;, X)
= (R(T, Tj)T;, X) + (1 — €?) (A} ;)T — Agerry Ty X)
+ €2¢<A*V¢(T - <T7 Tj>Tj)a X>7

so that
Ric' (X,T) = Ric" (X, T) + ¢*(k — 1)(Av4 X, T) (2.1.30)
+ (1= ) {tr(U  Axo(T,U)) — (AT, H)}.
Adding (2.1.29) and (2.1.30), we obtain
Ric(X,T) = Ric¥ (X, T) + €24 (Ric®(X, T) + (k + 2)(Avy X, T)) (2.1.31)

+ (1 —€e*)(tr Axo(T,) — (A% T, H)).
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In order to derive the vertical Ricci curvature, we temporarily introduce verti-
cal fields U and V, since the notation T; is already reserved for a local orthonormal
vertical basis. Now,

Ric(U, V) = Ric (U, V) + Ric (U, V)
—Z (Xi, UV, Xi)p + > _(R(T5, U)V, Tj),

where by (2.1.17),
(R(X:, UV, Xi)p = —(R(X;, U)X, V) = —e*(R(X;,U)X;, V)
2P((R(X3, U)X, V) + (1 — e2)(Ax, A%, U, V)
+ {he(Xi, Xi) + (Vo, Xi)2HU, V)
—2(Ve, X;)(Sx,U, V).
Recalling that (Sx,U, V) = (o(U,V), X;), we obtain after summing over i,
Ric (U, V) = e { Ric" (U, V) — (1 — ¢2*) S (Ax, A%, U, V)
B (2.1.32)
— (Amo + Vo) (U V) +2(Vé, o (U, V)) }.
Similarly, (2.1.16) implies
(R(Ty, U)V, Tj)g = (R(T3,U)V, T;)

= (1 — *) R (T, U)V, T;) + 2?(R(T;, U)V, Tj)
+62¢<{(SV¢—|V¢|2 YU, V)T; = (T3, V)U)}, Ty)
+e*((Vo, o (U, V)(Ty, Tj) — (Vé,0(T;, V)(U, Tj))

=(1- 62¢)<RF(Tj7 U)V7 Tj) + 2 {(R(T;, U)V, Tj)

+ (U, V)(SveT}, Tj) — (T}, V)(SveU, Tj)
— IVe*((U V) = (T}, VT3, U)) + (Vo,0(U,V))
—(V¢,0(T;, V){U, )}

so that

Ric (U, V) = (1 — *) Ric” (U, V) + e2*{ Ric" (U, V) + (U, V) ((V, H)
— (k=1)|V¢]*) + (k= 2)(Ve,a(U,V))}.
Adding (2.1.32) and (2.1.33) after replacing U, V by Ty, T finally yields

(2.1.33)

Ric(T1, Tz) = (1 — e**){ Ric" (11, Tz) — €2 Y (Ax, A%, T1, T2)}

+e2{ Ric(Ty, Ty) + k(Ve, o(Th, Tz)) (2.1.34)

+(Ty, To) ((Vo, H) — Apd — k|V|?) }.
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Example 2.1.1. If 7 : M — B denotes a Riemannian submersion with totally
geodesic fibers, the canonical variation of the metric on M is the one obtained by
taking the function ¢ to be constant; i.e., ¢(p) =t for all p € M, t € (—o0, 0).
The results from Subsection 2.1.3 then imply that the unnormalized sectional
curvatures K in the new metric are given by

K(X,Y)=(1-e?)Kp(X,Y)+e?K(X,Y),
K(X,T) = e®|A%T)?,
K(Ty,Ty) = 'K (T, T5).
In particular, if we let ¢t — —oo (which amounts to shrinking the fibers down to a

point, a phenomenon known as collapse), the sectional curvatures stay bounded,
and the metric on M “converges” to that on B.

2.2 Warped products

The simplest application of the construction in Section 2.1 is when the original
manifold M is a Riemannian product B" x F*, and the Riemannian submersion is
the projection onto B. When in addition, the function ¢ depends on B only, then
the resulting warped space (M, (,)y) is called a warped product, and is denoted
by B X2 F. By (2.1.9), the A-tensor is identically zero. By (2.1.4), the second
fundamental form of the fibers is given by

o(Ty, Ty) = —e**(T1, Tu)Vp = —(T1, Ta) s V.

In particular, the fibers are totally umbilic, and the mean curvature field H =
—kV ¢ is basic. These properties actually characterize warped products:

Proposition 2.2.1. Let 7 : M™% — B™ be a Riemannian submersion. Then m is
locally a warped product iff

1. the A-tensor identically vanishes;
2. the fibers are totally umbilic submanifolds of M, and

3. 7 is isoparametric; i.e., the mean curvature form k is basic (equivalently, the
vector field metrically dual to k is basic).

Proof. We have already remarked that the three conditions are necessary, so it
remains to establish they are also sufficient. For basic X, Y,

dr(X,Y)=-2divAxY =0
by Proposition 1.4.1, and

dr(X,T)=Xkr(T) - Tkr(X) — r([X,T]) =0
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since « is basic. Thus, & is closed, and locally equals kdv for some function 1 that
is constant on the fibers. Equivalently, H = kV1. The fibers being totally umbilic
means that there is a horizontal vector field N such that o(T1,T%) = (T1,T2)N.
But for an orthonormal basis T;, H = > o(T;,T;), so that N = (1/k)H = V.
Multiply the metric on the fibers by e?¥. (2.1.4) implies that the second funda-
mental form of the fibers in the new metric is given by

5(Ty, Tz) = ¥ {o(Ty, Tz) — (T1, T2)Vy} = 0.

Since both the second fundamental tensor and the A-tensor vanish, (M, (,)y) is
locally a metric product B x F'. This means that the original Riemannian manifold
is locally a warped product B X,-2¢ F, as claimed. O

In order to construct examples of warped products, we will need the following;:

Lemma 2.2.1. Let M be a Riemannian manifold, ¢ : M — R. Then ¢ is a Rie-
mannian submersion iff |Vé| = 1.

Proof. Suppose ¢ is a Riemannian submersion, and consider a normal horizontal
geodesic of M. Since ¢ o ¢ is a geodesic of R, (¢ o ¢)(t) = £t + (¢ o c)(0). But Vo
is horizontal, so that

+1=(¢oc) =(Vooc,é)==%|Vooc|.

Conversely, suppose the function ¢ : M — R has gradient of unit length. Then
?Vo(1r) = Vo(lgr 0 ¢) = (Vo, V) =1. Thus, ¢.V¢ = D o ¢, where D is the
standard coordinate vector field on R, and ¢, is a linear isometry on (ker ¢.)*;
i.e., ¢ is a Riemannian submersion. 0

Let M be a Riemannian manifold, p € M, and ry > 0 small enough that
exp, maps Uy, := {v € M, | |v] < 7o} diffeomorphically onto the metric ball
B, (p) of radius ry centered at p. The function ¢ : B,,(p) \ {p} — (0,70), where
o(q) = d(p, q), has maximal rank everywhere, since V¢(q) is the tangent vector at
g of the minimal normal geodesic from p to ¢. In fact, |V¢| = 1, and by Lemma
2.2.1, ¢ is a Riemannian submersion. Set X := V¢, so that by the proof of the
above lemma, X is basic and ¢-related to the standard coordinate vector field D
on (0,79). Fix r € (0,70), and consider the sphere F' := ¢~ !(r) of radius r centered
at p. Since X is a unit normal field along F', the second fundamental form of F' is
given by

Sxv=-V,X =-V,Vo, geF, velk,

Notice that we omitted the vertical superscript, since V, X is already vertical. Let
7 : (—¢€,€) — M, be a smooth curve in the tangent space of p with exp,,, ¥(0) = v,
|v] = r, and consider the variation V' : [0,7] X (—€,€) — M by geodesics, where
V(t,s) = exp, ((t/r)v(s)). If c(t) := V(t,0), then by assumption, V.D; = X oV,
and ¢t — Y (t) := V,D(¢,0) is the Jacobi field along ¢ with Y/(0) =0, Y (r) = v.
Thus,

VoVé =Vp,0.0)VaD1 =V, r.0)VaD2 =Y'(r),



58 Chapter 2. Basic Constructions and Examples

and the second fundamental form of F at a point ¢ is given by (Sxv,w) =
—(Y', Z)(r), where Y and Z are the Jacobi fields along ¢ with Y'(0) = Z(0) = 0,
Y(r)=v, Z(r) =w.

Suppose now that M is a space of constant curvature A\, and denote by c)
and sy the solutions of the differential equation x”(¢) + Az(t) = 0 with ¢),(0) =
$h(0) =1, ¢4 (0) = sx(0) = 0. The Jacobi fields above are then given by

D
sa(r)

S\

Y= sx(r)

V., Z=

)

where V., W are the parallel fields along ¢ with V(r) = v, W(r) = w. Thus,

C)

(Sxv.w) = —(¥", Z)(r) = - <9<r>v, ﬂ<r>w> = O ) o).

SA SX SX
It follows that x(X) = —k(ex/sx) o ¢, where k = dim M — 1; equivalently, since

¢c=Xoc,
k(¢) = —ki—i opoc=—k(lnosyopoc) (because ¢ oc =1 ry))
= kdip(¢),
where ¥ = —Inos) o ¢. By the proof of Proposition 2.2.1,

By, \ {p} = (0,710) Xo—20 F. = (0,70) X g2 F,

isometrically, where F,. denotes the sphere F' = ¢~!(r) with the induced metric
multiplied by 512(1“). By the Gauss equations, the sectional curvature of F' is
A+ (ea/sx)%(r) = (As3 +¢3)/(s3)(r) = 1/(s3)(r). Thus, the curvature of F, is
identically 1; i.e., F, is isometric to the round sphere S™~!(1) of radius 1. Notice
that 79 may be taken to be oo if A <0, and 7/v/\ if A > 0.

Summarizing, we have proved:

Theorem 2.2.1. Let Q% denote the simply connected space form of constant cur-
vature A, and p a point in Q%. Then

L Q3 \ {p} =(0,00) x2 S"=1(1) if A <0, and
2. Q3 \ {p,—p} = (0,7/V) X g2 S™=1(1) if A > 0, where

t if A=0,

sxa(t) = % sin(vAXt) if A>0,
oy sinh(vVAt) if A <O0.

When A < 0, all of Q% can actually be realized as a warped product: Indeed,
we may, after rescaling, assume that A = —1. Choose some p € M"™ := Q"4
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some (n — 1)-dimensional subspace N, of M), and set N := exp,(Np). N is a

totally geodesic submanifold of M isometric to Q’_ﬁl. If X is a unit-length section
of the normal bundle of N in M, then f : R x N — M, f(t,p) = exptX(p),
is a diffeomorphism because X is parallel and N is totally geodesic. Notice that
fittop)(D,0) = ¢é(to), where c(t) = exptX(p), so that |fi (s, p)(D,0)] = 1. Thus,
the signed distance

W;:ﬂlofile—?R

from N (where m; : R x N — R denotes projection) has gradient of unit length,
and is a Riemannian submersion by Lemma 2.2.1. As in the proof of Theorem
2.2.1, the S-tensor of the submersion at ¢ = expto X (p) is given by

Svav=—-V, V1 = —Y/(t()),
where Y is the holonomy Jacobi field along ¢ with Y (t9) = v. Now,
Y'(0) = =Se0)Y (0) — A Y (0) = 0,

since N is totally geodesic and the horizontal distribution, being one-dimen-
sional, is integrable. Thus, Y (¢) = (cosht/ coshty)V, where V is the parallel field
along ¢ with V(t9) = v, and Sv,v = —(tanhtp)v. The mean curvature form « is
therefore given by

k(Vr) = —(n— 1) tanhor = —(n — 1)(Incosh) o 7
= —(n—1)(Incosh) o wdr(Vr) = —(n — 1)d(In cosh omr) (V).

By the proof of Proposition 2.2.1,
Q’il =R X cosh? Qﬁfl

There are other realizations of hyperbolic space as warped products: For ex-
ample, Q" ; = Rx2:R"~!, which comes from fibering @ by horospheres. Similarly,
if R* denotes (0, 00) with the complete metric ¢2go, where gq is the standard met-
ric and ¢(t) = 1/t, then the upper half-space model of Q™ is the warped product
R* x4 R*1L

Let X, Y, Z be basic, T, T; vertical, ¢ = 1,2. Following the convention
adopted in Section 2.1, a basic field on M = B X2 F will be identified with
its m-related vector field on the base B. The curvature identities from Section 2.1
applied to the Riemannian product B x F' immediately yield the following formulas
for a warped product B X 24 F':

Proposition 2.2.2. Let Rp, Rr denote the curvature tensors of the Riemannian
manifolds B, F, respectively. The curvature R of the warped product B X 26 F is
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then given by

R(X,Y)Z = Rp(X,Y)Z; (2.2.1)
R(T\,T)Ts = Rp(T1, T2)T5 — €*?|Vo | ((To, T5)Ty — (T1, T5)T>); ( )
R(X,Y)T = R(T,T2)X = 0; (2.2.3)
R(X,T)Y = (hs(X,Y) +(Ve, X)(V,Y))T; (2.24)
R(Ty, X)T» = (T1,T2) ((V¢, X)Vp + Vx V) ( )

where the inner products are those in the original product metric.

Similarly, let K, K, and K denote the non-normalized sectional curvatures
of B X 24 F, B, and F respectively. Thus, for example, K(F, F') = (R(E, F)F, E)
in the warped product metric. Proposition 2.2.2 immediately yields:

Corollary 2.2.1.

K(X,Y)=Kp(X,Y); (2.2.6)
K(T\,T) = e *{Kp(T1,To) — Vo> (|T1 *| T2 — (T1, T2)°) }; (2.2.7)
K(X,T) = —|T*((V¢, X)? + hy(X, X)). (2.2.8)

Corollary 2.2.2. The Ricci curvature of B X .26 F* satisfies

Ric(X,Y) = Ricp(X,Y) — k(hg(X,Y) + (V§, X)(V9,Y)); (2.2.9)
Ric(X,T) = 0; (2.2.10)
Ric(Ty, T2) = Ricp (T, To) — (T1, To)e** (And — k| V|?). (2.2.11)

Notice that the inner products on the right side of the identities in the above
corollaries correspond to the product metric. The following is an immediate con-
sequence of (1.4.17) in Chapter 1:

Proposition 2.2.3. A curve ¢ = (cp, ¢y) in B X 26 F' is a geodesic iff
Vpin =€*?|e’V,  Vpé, = —(¢ocp)éy.

We next look at a class of metric foliations that is more general than that
of warped products. We have seen that many Riemannian submersions are fiber
bundles for which the horizontal distribution actually defines a connection. Recall
that a connection on a fiber bundle is flat if it is integrable. This motivates the
following:

Definition 2.2.1. A metric foliation is said to be flat if its horizontal distribution
is integrable; equivalently, if A = 0.

Examples 2.2.1. (i) A warped product is a flat Riemannian submersion.
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(ii) A codimension one metric foliation is necessarily flat. In particular, any
Riemannian manifold M locally admits flat metric foliations: As pointed out earlier
in the section, if p € M and e is the injectivity radius at p, then

Be(p) \ {r} — (0,¢),
q—d(p,q)

is a flat Riemannian submersion. A similar statement holds if p is replaced by a
compact hypersurface of M.

(iii) Suppose M admits a totally geodesic foliation of codimension one. Its
orthogonal complement then defines a one-dimensional flat metric foliation by
Definition 1.2.2.

(iv) Let Q"** be a space of constant curvature, M* a submanifold of Q with
flat normal bundle; i.e., the connection on the normal bundle v of M, induced by
that of @, is flat. Then for any p € M, there exists a neighborhood U of p such
that M N U is a leaf of a flat metric foliation of U.

To see this, consider the foliation obtained by exponentiating parallel sec-
tions of v, restricted to a neighborhood U small enough to avoid singularities. To
establish that this foliation is metric, it suffices, by Definition 1.2.2, to show that
each leaf is everywhere orthogonal to the totally geodesic foliation of M NU with
leaves exp(vq), ¢ € M NU, where v, denotes the fiber of v over ¢. So consider a
leaf N := exp X (M), where X is a parallel section of v, and a curve v in N. Then
7 = exp.(X o c) for some curve c in M. Now, the tangent space of exp(v,(g)) can
be realized as the parallel translate of the tangent space of exp(v,()) along the
geodesic t — exp(t(X o ¢)(0)). Thus, the claim will follow once we show that if F
is a parallel field along ¢ +— exp(t(X o¢)(0)) with £(0) L M), then E(1) L ¥(0).
So consider the variation by geodesics

(t,8) = V(L. s) = exps) t(X 0 c)(s).

If J is the Jacobi field J(t) = Vi.Ds(t,0) along the geodesic t — V(¢,0), then
J(0) = ¢(0), and J(1) = 4(0). By hypothesis, J(0) L E(0), and

J'(0) = Vp,0,0VeD2 = Vp,(0,0)VaD1 = Vpo)(X o ¢)
is orthogonal to E(0) since X is a parallel section of v. But in a space of constant
curvature k, if J is a Jacobi field along a geodesic, E a parallel field along the
same geodesic, and both J(0), J'(0) are orthogonal to E(0), then (J, E) = 0; this
is because (J, E) satisfies the second-order ODE
(J,EY'"=(J",E) = —(R(J,¢)¢, E) = —r(J, E),

with initial conditions (J, E) = (J, E)’ = 0. But then (§(0), E(1)) = (J(1), E(1)) =
0, as claimed.
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M N

\/E(O) \\/E(l)
c } v

Conversely, of course, if F is any (local) flat metric foliation in a space
form, and M is a leaf of F, then M has flat normal bundle, and any leaf equals
exp(X(M)) for some parallel section X of the normal bundle of M: This is in
fact already true in nonconstant curvature, since for an arbitrary metric foliation,
leaves have the form exp(X(M)) for a basic section of the normal bundle. When
the foliation is flat, basic sections coincide with the parallel ones by (1.4.4).

The following result is completely general, and is in fact just a reformulation
of (1.5.2):

Lemma 2.2.2. Let F be a metric foliation, ¢ a horizontal geodesic in M, and denote
by S, RV, and A the tensor fields Se, RY(-,¢)¢, and A. respectively along c. One
then has the Riccati-type equation:

S’V =8% — AA* + RY. (2.2.12)

Recall that for unit horizontal X, the vertical Ricci curvature in direction
X is Ric(X,X) = >, K(X,T;), where T; is an orthonormal basis of the vertical
space.

Theorem 2.2.2. Let F be a flat metric foliation on a complete Riemannian mani-
fold M . If the vertical Ricci curvature is nonnegative in horizontal directions, then
F splits.

Proof. Let ¢ : R — M be a horizontal geodesic. Since A = 0, (2.2.12) becomes
SV = §2 4 RY. Again by flatness, the vertical distribution V is invariant under
parallel translation along ¢; similarly, R(V o ¢) C V o c. We may therefore identify
Vo c via parallel translation with the vertical space E at ¢(0). If L(E) denotes the
space of self-adjoint endomorphisms of F, then the Riccati equation becomes

S’ =S%*+R, (2.2.13)
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where S, R: R — L(E). The proof of Theorem 1.7.1, with S replaced by —S, now
goes through essentially word for word to show that both S and R must vanish
identically. Since A = 0 by assumption, the claim follows. d

Implicit in the proof of Theorem 2.2.2 is the following:

Corollary 2.2.3. Let M be a complete Riemannian manifold with nonnegative sec-
tional curvature. If the sectional curvatures are positive at some point, then M
admits no flat metric foliations.

Remarks 2.2.1. (i) Theorem 2.2.2 is of course no longer true if the completeness
assumption is dropped: We have seen, for example, that Euclidean space with a
point deleted can be written as a warped product. Nor is it true if the hypothesis
RicY > 0 is replaced by Ric > 0: There exist complete warped product metrics of
nonnegative Ricci curvature on R™, see [5].

(ii) A slightly more involved argument shows that for a flat metric foliation
of a complete manifold with sectional curvature bounded below by —A2, the leaves
must have principal curvatures no larger than |\| in absolute value, cf. [136]. Ob-
serve that when A\ = 0, this implies totally geodesic leaves and therefore splitting
of the foliation, see also (iii) below.

(iii) If one replaces the Ricci curvature hypothesis in Theorem 2.2.2 by the
stronger condition that M have nonnegative sectional curvature, then the result
follows from Examples and remarks 1.8.1 (v). Indeed, if F is flat, then the dual
foliation is the one that is tangent to the horizontal distribution — and has therefore
complete leaves, so that any pair of vertical and horizontal vectors generate a
totally geodesic flat. In particular, S = 0.

(iv) A codimension one metric foliation is automatically flat. By Theorem
2.2.2, such a foliation cannot exist if the Ricci curvature is positive. There are
further restrictions, though: if the universal cover M of M is compact, then M
does not admit such a foliation. Otherwise, it can be lifted to M, and its orthogonal
complement is an orientable one-dimensional foliation, so that there exists a global
basic unit vector field X. If a denotes the dual one-form,

o(E) = (X,E), Ee€XM,

then for vertical U, V, da(U, V) = U(X, V)= V(X,U) — (X, [U,V]) = 0. Similarly,
da(U, X)) = 0 because [X, U] is vertical. Thus, « is closed, hence exact, and o = df
for some f: M — R. This would imply that a and hence also X vanish at those
points where f attains extremal values, which is impossible.

2.3 Homogeneous submersions

The richest class of Riemannian submersions is the one generated by isometric
group actions on a Riemannian manifold M. More precisely, let G be a compact
Lie group acting by isometries on M via p: G X M — M. For p € M and g € G,
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denote by 1, : G — M the map given by 1,(g) = p(g,p), and by j4 : M — M the
isometry 74(p) = p(g, p) induced by g. When there is no risk of confusion, we also
use ¢ instead of j4. The orbit {g(p) | g € G} of p € M will be denoted by G(p),
and the isotropy subgroup G, at p is the subgroup of G consisting of all g € G
such that g(p) = p. Notice that an isotropy subgroup is necessarily closed in G.
We assume the action is by principal orbits; i.e., for any two orbits O; and Os,
there exists a diffeomorphism f : Oy — O3 that is G-equivariant in the sense
that foj, = g0 f forany g€ G .

Lemma 2.3.1. Let p € M, and set H := G,. Then the map f: G/H — M given
by f(gH) = g(p) is an imbedding onto the orbit G(p) of p.

Proof. Denote by m : G — G/H the projection. f is clearly well defined and
bijective onto the orbit of p. Since G/H is compact and M is Hausdorff, f is
a topological imbedding, and it remains to establish that it has maximal rank
everywhere. But f is equivariant, so it suffices to do so at eH; equivalently, we
claim that x € G, belongs to H, whenever m,.x € ker f..p. To see this, consider
the vector field X € g with X (e) = x, and the curve ¢ — ¢(t) := (f o 7)(exp tz).
Equivariance of f means that f = j40 fOJL;1 for any g € G, where L, : G/H —
G/H is given by Ly(aH) = gaH. But if L, denotes left translation in G, then
Lyjom=mo Ly, so that

é(t) = (f 0 7)o (X (eXP 1)) = Jexptas © fi © Loxp —tasm. X (expta)

= Jexp txx © f* O Ty O Le:vp—tr*X(eXp tI) = Jexp txx © f*ﬂ'*I =0.

exp tx therefore belongs to H for all ¢, and « € H..
O

Remark 2.3.1. When G is not assumed to be compact, Lemma 2.3.1 no longer
holds in general, even when the action is free. If @ is an irrational number, then
the R-action on the torus S' x S* given by u(t, (21,22)) = (21€%, 22¢%?) is free
and isometric, but all orbits are dense.

Lemma 2.3.2. The space G\M of orbits inherits a natural differentiable structure
from M such that the projection m : M — G\M becomes a submersion. It also
inherits a natural metric for which ™ becomes Riemannian.

Proof. Consider a point p € M with isotropy group H = G). Let v, denote
the normal bundle of G(p) in M, v, the corresponding disk bundle of radius
€ > 0, and U the fiber of the latter over p. Choose € small enough so that exp :
E(vg) — B(G(p)) is a diffeomorphism from the total space of the disk bundle
onto the tubular neighborhood of radius € of the orbit, and consider the map
¢: (G/H) x U — B.(G(p)) given by ¢(gH, z) = g(expx). To see that this map
is well defined, we must show that H acts trivially on U; i.e., that h(expz) = expx
for all h € H and « € U. By hypothesis, there exists an equivariant diffeomorphism

Y : G)Gexpy — G/H. Let aH = 1)(Gexp o). By equivariance, ¥(gGexps) = gaH
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gH g(exp ) = exp g.x

expx

G/H G(p)

for g € G. This implies that for any g € Gexpsz, gaH = aH, and a~'ga € H.
In other words, the isotropy subgroup of exp x is conjugate to a subgroup of H.
Arguing in a similar fashion with ¢!, we see that it is conjugate to H itself. But
if g € Gexpa, then expz = g(expx) = exp g« (because g is an isometry), so that
g«x = z, and in particular g(p) = p; i.e., g € H. Thus, Gexp, = H, and H acts
trivially on U as claimed.

¢ is a G-equivariant diffeomorphism. Its inverse, followed by projection onto
the second factor yields a homeomorphism between a neighborhood of G(p) (in
G\M endowed with the quotient topology) and U. It is easy to check that the
transition functions between two such homeomorphisms are smooth, so that G\ M
inherits a differentiable structure for which the projection @ : M — G\M is
differentiable. As noted in Chapter 1, since the action is by isometries, there exists a
unique Riemannian metric on the quotient for which 7 becomes Riemannian. [

Notice that the proof actually establishes that 7 is a fibration. We will shortly
see that it is in fact a fiber bundle.

Set B := G\M, and for b € B denote by Hol(b) the holonomy group of the
submersion at b, consisting of the holonomy diffeomorphisms of 7=1(b) obtained
by horizontally lifting piece-wise smooth loops at b.

Lemma 2.3.3. Hol(b) is a Lie group.

Proof. Consider a curve c¢: [0,1] — B, and the diffeomorphism
he = = H(c(0)) — 71 (e(1))

between the fibers over the endpoints that assigns to p the endpoint of the hor-
izontal lift of c starting at p. If ¢ is a horizontal lift of ¢, then j, o ¢ is a hori-
zontal curve for any g € G because j4 is an isometry, and by definition of =, it
projects down to c. This means that h. is a G-equivariant diffeomorphism. Thus,
Hol(b) is a subgroup of the group Diffg (771 (b)) of G-equivariant diffeomorphisms
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of 771(b). We claim that the latter group is a Lie group. To see this, identify
7~ 1(b) with G/H as in Lemma 2.3.1. It will suffice to establish that Diff¢(G/H)
is isomorphic to N(H)/H, where N(H) is the normalizer of H in G. Now, if
f € Diffg(G/H), then f(gH) = gaH for some a € G with a"'Ha C H by the
argument used in Lemma 2.3.2. We claim that a"'Ha = H; i.e., a € N(H): In-
deed, if A = {a™ | n=0,1,2,...}, then by Lemma 2.3.4 below, the closure A of A
contains a~!. Now, the map F : G x G — G sending (b, c) to b~!lcb is continuous,
and by hypothesis, F(A x H) C H. Since H is closed, F(A x H) C H. Thus,
aHa™! C H, so that H C a~'Ha as claimed. Summarizing, any f € Diff¢(G/H)
has the form f(gH) = gaH = (gH)a for some a in the normalizer of H. It now
easily follows that Diff¢(G/H) is isomorphic to N(H)/H acting by right multi-
plication on G/H.

Having established that Diffg(7~1(b)) is a Lie group, consider the subgroup
Holy (b) of Hol(b) obtained by considering only loops that are null-homotopic. This
is a path-connected subgroup of Diff ¢(7~1(b)), and therefore also a Lie group, see,
e.g., [142]. There is a natural epimorphism of 71 (B,b) onto Hol(b)/ Holy(b) that
assigns to the homotopy class of a loop ¢ the equivalence class of h.. Since the
fundamental group of B is countable, so is Hol(b)/ Holy(b). Thus, Hol(b) is a Lie
group, as claimed. O

Lemma 2.3.4. For any a € G, the closure of the set A={a" |n=0,1,2,...} is
a subgroup of G.

Proof. Notice first of all that the closure of a subgroup is again a subgroup by con-
tinuity of (a,b) — ab~!. It suffices therefore to show that a=! € A, or equivalently,
that any neighborhood of a~! intersects A. Consider the subgroup (a) generated
by a. If e is an isolated point of @, then @ is discrete, and being compact,
must be finite, so that a™ = e for some n € N. If n = 1, then a ™' = e € A, and
otherwise, a=! = a"~! € A. So assume that e is not isolated. If U is a neigh-
borhood of e, then so is V. = U NU!, where U~! := {g7! | g € U}. It must
therefore contain a™ for some positive n, so that a"~! € L,-1(V) N A. In other
words, if U is any neighborhood of e, then L,-1(U) intersects A. But then any
neighborhood W of a~! intersects A, because L, (W) is a neighborhood of e, so

that W N A = L1 (La(W)) N A # 0. 0

Theorem 2.3.1. Let G be a compact Lie group acting by isometries on M with
principal orbits, so that m : M — B := G\M is a Riemannian submersion. Fiz
any by € B, let F = 7=1(by), and Hol(by) be the holonomy group of the submersion
at bg. Then M 1is the total space of a fiber bundle with fiber F' and structure group
HOl(bo)

Proof. Consider a locally finite cover of B by open sets U, each of which is the
diffeomorphic image via exp of some metric ball in the tangent space of b, €
U,. For each «, choose a geodesic ¢, from by to b,. Given b € B,, there exists
a unique minimal normal geodesic ¢, from b, to b. This yields a trivialisation
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{71 (Uy,), (m,$a)} of the fibration 7, where (7,¢q) : Us x F — 7 1(Uy) is
given by (m,¢a)  (b,p) = hey © he, (D).

Here, as above, h. denotes the holonomy transformation along the curve c.
The transition function ¢ag : Uy N Uz — Hol(by) between two charts U, and Ug
maps b € Uy NUp to the element of Hol(by) that consists of horizontal lifts of the
piece-wise smooth curve ¢g ¢ x —cl, % —cq. Since ¢op depends differentiably on

b, the claim follows. O

7 1(b) F

In the case when M is nonnegatively curved, and positively curved at one
point, it follows from Wilking’s dual foliation result that the fiber is a Lie group:

Proposition 2.3.1 ([73]). Let M be as in Theorem 2.3.1. If the curvature of M
is nonnegative, and positive at some point, then the isotropy group at any point
is a normal subgroup of G. Thus, every fiber is diffeomorphic to a Lie group. If
furthermore, G is simple, then the action is free or transitive.

Proof. The argument used in Lemma 2.3.2 implies that any two points that are
joined by a horizontal geodesic share the same holonomy group. By Theorem 1.8.1,
the leaf of the dual foliation passing through a point where the curvature is positive
must have the same dimension as M (since its normal space along a horizontal
geodesic is spanned by parallel Jacobi fields). Furthermore, it can be shown that
when the action is by isometries, dual leaves are intrinsically complete. Thus, there
is only one dual leaf, and the isotropy group is the same for all points of M. But
if H is the isotropy group at p, then the isotropy group at g(p) is gHg~!. This
implies that H is normal in G. The last two statements follow immediately. O

In the case when M has strictly positive curvature in the above proposition,
Wilking has shown that the action is always free [140].
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Recall from the proof of Lemma 2.3.3 that Hol(by) acts on F' from the right.
To make this more explicit, denote by h. € Hol(by) the holonomy diffeomorphism
of F induced by the loop ¢ at by. Given loops ¢; and ¢y at by, ¢1 * ¢ is the loop
obtained by first following ¢;, and then c¢o. The group multiplication % in Hol(bg)
is then given by he¢, * he, 1= heyxe,. Since e xe, = he, © hey, the right action of
Hol(bo) on F'is just (p, h) — h(p).

Set @ := Hol(bg), and consider the principal Q-bundle 7p : P — B associated
tom: M — B. Since @ acts on F' from the right, 7p is a left principal bundle,
and there exists a G-equivariant diffeomorphism

O:FxgP— M

from the total space F'x g P of the associated F-bundle with M (recall that F'x g P
is the orbit space of F' x P under the left Q-action given by h(p, f) = (ph~%, hf),
forhe @,pe€ F,and f € P).

The total space P of the principal bundle may be described as follows: for b €
B, let Qp denote the collection of all holonomy transformations h. : F — 7~ 1(b),
where c is a piece-wise smooth curve from by to b. Define P to be the union of all
Qyp as b ranges over B, and mp : P — B the projection that assigns to an element
of Qp the point b. There is a natural left action

v:QxP— P,
(h, f)— foh

of @Q on P by composition, since
v(hi* ha, f) = fo(h1xh2) = fohgohy =v(hi,fohs)=v(hi,v(he,f)).

The bundle atlas {7 ~(U,), (7, ¢a)} constructed for 7 : M — B in the proof
of Theorem 2.3.1 induces a corresponding atlas {75 (Us), (7p, 14 )} for mp, where
Vo - 77131(Ua) — @ maps f € Qp to h_p,_., o f in the notation of the proof of
Theorem 2.3.1. This is a principal bundle atlas, since 9, is Q-equivariant: if h € Q,
then

wa(hf) = h,cl&*,ca Ofoh = wa(f) oh= h*¢a(f)

It is easy to see that the transition functions coincide with those of the F-
bundle 7, so that mp is indeed the corresponding principal bundle. If [p, f] €
F x¢g P denotes the equivalence class of (p, f) € F' x P, then the G-equivariant
diffeomorphism @ : F' xo P — M is given by ®[p, f] = f(p).

Recall that a connection on a (left) principal @-bundle 7p : P — B is a
distribution H on P such that TP = ker mp. ®H, and jg«H = Hoy, for all g € Q,
where j, : P — P maps p to v(g,p) = gp. Parallel translation in the bundle
along a curve ¢ : [0,1] — B is the diffcomorphism P. : 75'(c(0)) — 75" (c(1))
between the fibers over the endpoints of ¢ defined by P.(p) = (1), where + is the
horizontal lift of ¢ (i.e., % € Ho~y,mp oy = ¢) with y(0) = p. The holonomy group
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Hol(b) of the connection at a point b € B is the group of all diffeomorphisms of
the fiber 7' (b) over b consisting of parallel translation along piece-wise smooth
loops beginning and ending at b. Since B is connected, any two holonomy groups
are isomorphic. In our situation, there exists a canonical connection on P — B
induced by the horizontal distribution of the Riemannian submersion 7 : M — B:
Consider a point p = h, € P and a curve ¢ : [o, 8] — B in B with ¢o(a) = 7p(p).
The curve ¢ : [, ] — P, where

ch(t):=h oh.=nh (2.3.1)

oo, 1] c*¢o[a,t]

is then a lift of ¢y starting at p. Furthermore, given any m € F, the curve ¢y,
where
EO = (I)[m7 Cg]a
is by construction the horizontal lift to M (for the Riemannian submersion 7 :
M — B) of ¢ with initial condition ¢y(a) = ®[m, p] = he(m).
Denote by p : F x P — F xg P the projection that maps (m,p) to its
equivalence class [m, p]. By the above, the restriction

Dl o (0} x Py) * Px({0m} X Pp) = Mo p)

is onto Hepy, ), so that there exists a unique distribution H on P such that
(® 0 p)({0m} x Hp) = Haopm,p)- Now, if ®[m, ] is a horizontal curve in M,
then so is ®[mg,ch] for any g € Q. But the latter is just ®[m,, o cf]. Thus,
39*7:( =Ho Jg, and H is indeed a connection on P. It is easy to describe the
holonomy group ITI;l(bO) of this connection at the point by € B that was used in
the construction of P: By definition, the fiber F;l(bo) over by is the group of all
holonomy transformations h. : F = 7~ 1(by) — F along loops ¢ based at bg; i.e.,
75! (bo) is just @ = Hol(by). By (2.3.1), ITI;l(bO) = Hol(by) = @ acting on itself by
right multiplication

Hol(bo) x Hol(by) — Hol(by),
(hes o) = Perey = he * heg .

Summarizing the above discussion, we have:

Theorem 2.3.2. Consider the Riemannian submersion w: M — B from Theorem
2.3.1, and the corresponding principal Q-bundle 7p : P — B, where @ = Hol(by).
Let p: FFx P — F xg P~ M denote the projection. If H denotes the horizontal
distribution of the submersion w, then the distribution H on P determined by
px ({0} % 7:(;,) = Hy(m,p), m € F, p € P, is a connection on the principal bundle.
The holonomy group of this connection at by is the holonomy group @Q of the
Riemannian submersion 7 acting on itself by right multiplication.

This justifies to a certain extent the terminology introduced in the last sec-
tion: a homogeneous metric foliation is flat in the sense of Definition 2.2.1 iff the
corresponding connection from Theorem 2.3.2 is flat.
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We next consider the important special case when the action of G on M
is free. If we identify F' = 7=1(by) with G via the map from Lemma 2.3.1, then
M = G xg P — B is a left principal G-bundle. Notice that @ = Hol(by) is now
identified with a subgroup of G acting on G by right multiplication: Suppose the
identification G = F' is given by g — g(p), for some p € M. If h € Q maps p to
g(p) for some g € G, then h = R, because

gh = h(g(p)) = g(h(p)) = gg.

(For the second equality, we have used the fact that holonomy transformations
are G-equivariant, as observed in the proof of Lemma 2.3.3.) Thus, the bundle
P — B is the reduction of M — B to a principal @-bundle. The decomposition
TM = kerm, & H of the tangent bundle of M induced by the connection induces
one at the vector level, and we write u = u¥ 4+ uP € kerm, & H as usual. If 4,
denotes the imbedding of G onto the fiber containing p € M from Lemma 2.3.1,
then the connection form of H is the g-valued one-form w on M given by

W) = (1pwe) 1Y, ue M, peM,
and the curvature form of H is the g-valued 2-form ) defined by
Qz,y) = —w[X, Y]V (p), r,y €My, peM, (2.3.2)

where X, Y are local horizontal fields on M with X (p) = 2, Y (p) = y". It follows
that after identification of the vertical space with the Lie algebra g of the group,
the A-tensor of the Riemannian submersion is equal to —(1/2)%.

A well-known result of Ambrose and Singer states that the Lie algebra of the
holonomy group of a connection on a principal G-bundle is the Lie subalgebra of
g generated by the image of 2. We summarize all these facts in the following:

Proposition 2.3.2. Let 7 : M — B = G\M denote the Riemannian submersion
generated by a free isometric action of a compact Lie group G on M. Then the
holonomy group of the submersion is a Lie group, and its Lie algebra is the subal-
gebra of g generated by

{tpeeAay | 2,y € Hy, p € MY,

where 1, : G — M is the imbedding g — g(p) onto the fiber containing p.

Definition 2.3.1. The fundamental vector field U on M induced by U € g is
given by ~
U(p) := 1. U(e). (2.3.3)

Recall that a vector field on M is said to be Killing if its flow consists of
isometries of M.

Proposition 2.3.3. The collection of fundamental vector fields on M is a Lie algebra
of Killing fields that is isomorphic to the algebra of right-invariant fields on G.
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Proof. Let U € g, and U be the corresponding fundamental vector field. To see
that U is Killing, it suffices to show that its flow ¢, is given by jexp . So consider
the curve ¢, where ¢(t) = Jexpt(q), and ¢ € M. Given tg € R,

c(t) = Jexptvq = 1q(exptU) = 14(exp(t — to)U exptoU) = 1.1y)(exp(t — to)U).

Thus, ¢(to) = 1)U = U o ¢(ty), as claimed, and U is Killing. For the second
statement, let g denote the Lie algebra of right-invariant fields on G. Given U € g,
U e g with U(e) = U(e), and p € M, the identity 2, = 2, 0 R, implies that

Ulgp) = 19U (€) = 1ps Rgu U ) = 15U (9),
so that U 01, = 1,,U, and 1,, is a Lie algebra isomorphism. O

The vector fields AxY are not, in general, Killing fields. This is because they
are associated to left-invariant fields of G, whereas the fundamental Killing fields
are associated to right-invariant ones:

Definition 2.3.2. A vector field on a fiber F' is said to be left-invariant if it is
Jg-related to itself for any g € G.

The collection of left-invariant fields on a fiber form a Lie algebra isomorphic
to g. In fact, given u in the tangent space of F" at some p, it is straightforward to see
that the left-invariant field U on F that equals u at p is given by U= tpxoU o1,
where U is the element of g with U(e) = 1, u.

Proposition 2.3.4. Given a left-invariant U and basic X, Y along a fiber F, the
vector fields AxY and SxU are left-invariant.

Proof. A horizontal field X is basic iff it is j4-related to itself for any g € G. Thus,
for g € G, basic X, and left-invariant U,

19V X =V X =V (X o0gy) =V X =(VyX) oy,

]Q*U

since the map j, is an isometry. For the same reason, this map preserves the
vertizontal splitting, so that

Jg*SXU: (SXU)OJga Jg*A}U: (AF(U)OJQ’

This implies that Sx U is left-invariant, and A}U is basic. In particular, for basic
Y, (AxY,U) = (A% U,Y) is constant, so that AxY is left-invariant. O
Example 2.3.1. Consider the free R*-action on R¥t" = R* x R”" given by
R* x (R* x R") — R* x R™,
(v, (u, 2)) = (u+ v, ¢(v)z)
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where ¢ : R¥ — SO(n) is a Lie group homomorphism. The orbits of the action
are generalized helices winding around the central plane R* x {0}, which happens
to be the orbit of the origin. Here, G is the abelian group R¥, so the left-invariant
fields coincide with the right-invariant ones, and are then necessarily parallel along
a fiber F', since they form an abelian Lie algebra of Killing fields that contains a
point-wise orthonormal basis U;: in fact, [U;, U;] = 0, so that

2<VU1 Uj7 Uk> = <VU1 Uj7 Uk;> + <VUJ. U;, Uk>
—(Vu,U;,Ui) = (Vu, Ui, Uj)
—U(U;, Uj> =0,

and (U;, U;) is constant along F'.

2.4 Left-invariant metrics on Lie groups

The simplest and most common homogeneous submersions are those from Lie
groups with left-invariant metrics. Recall that such a metric on a Lie group G is
one for which each left translation L, : G — G, where Ly(a) = ga, is an isometry.
Such metrics are in bijective correspondence with inner products on the tangent
space G, of G at the identity e by letting the canonical isomorphism

g— G,
X — X(e)

from the Lie algebra g of G be a linear isometry. In the sequel, we will often use
this isomorphism to identify both spaces. We begin by computing the connection
and curvature of such a metric. Since it is left-invariant, the formula

(VxY,Z) = %{X(Y, Z)+Y(Z,X) — Z(X,Y)
+ <Zv [X7 Y]> + <K [Z’ X]> - <X’ [Y7 Z]>}

for the Levi-Civita connection, when applied to left-invariant vector fields X, Y,
Z € g becomes

(VxY,2) = S{{Z1X, Y] + (.12, X)) - (X, [V, 2D},

so that
1
VXYzﬁ{adXY—ad}Y—a&/X}, XY €y, (2.4.1)
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with ad™ denoting the adjoint of ad. A long, but fairly straightforward computation
using (2.4.1) yields for the curvature tensor

1
R(X,Y)Z = _Z{ adjx y] Z + (adx —ady)adz Y — (ady —ady)ady X

+ (ad¥ ady —(ady ady)*)Z — (ady ady, —(ady ad% )*)Z
—adixy] Z +adjy,z X +adjz x) Y — ad(aqy z1aa; v) X
* 1 *
+ ad(ad;( Z+ady X) Y} + 5 adz[X,Y].
This in turn implies that the non-normalized sectional curvature K(X,Y) =
(R(X,Y)Y, X) is given by

]- ]- * *
K(Xv Y) = §<[[Xa Y]aX]aY> - §<HX7Y]’Y]7X> - <a‘dY Y, adX X>
3 1 (2.4.2)
- I Y]|? + 7ladx Y +ady X2
Example 2.4.1. Consider the Lie group G = R* ! x Rt with multiplication
(z,t) - (y,s) := (z + ty, ts), z,y e R t,s>0.

Left translation L, ¢ by (z,t), when extended to all of R", is the affine transfor-
mation (y,s) — (x,0) + t(y, s), so that for the standard coordinate vector fields
D; on R", the derivative of L(, ) at the identity e = (0, 1) satisfies

L(z,t)*eDi = tDZ(I7t)
It follows that X, ..., X, where X; = tD,, is a basis of the Lie algebra of G, and
[Xi,Xj] = O7 [Xnsz] = Xi7 Z,] <n.

Endow G with the left-invariant metric for which X; is an orthonormal basis. By
the above,

ad}l Xj = —(Sinn, ,ad}i Xn = ad}n Xn = 0, ad}n Xl = XZ'.
(2.4.2) then implies
K(Xi7Xj) = —<adj§(i Xi, ad}j Xj> = —].,

1 3 1,
— 1 §+1 — 1
2 44

Thus, G is a simply connected space of constant curvature —1. Being homoge-
neous, it is also complete, and is therefore isometric to hyperbolic space. In fact,
the identity map is an isometry between G and the upper half-space model of
hyperbolic space.
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Lemma 2.4.1. Ifadx : g — g is skew-adjoint, then
1
K(X,Y) = Z|ad§/ X*>0

forallY € g, and K(X,Y) =0 iff X L ady(g).

Proof. By skew-symmetry of adx,

<[[X7 Y], X], Y> = | adx Y|2, <[[X7 Y], Y], X> = _<adX Y, ad;’ X),
(ady Y, ad X) =0, lad% Y +ad} X|> = | —adx Y + ad} X|%
The claim follows upon substitution of these expressions in (2.4.2). O

Proposition 2.4.1. Let H be a connected Lie subgroup of G. The following state-
ments are equivalent:

1. Right translation Ry, : G — G by h, Rn(g) = gh, is an isometry for any
heH.

2. b is an algebra of Killing fields of G.

3. Ady, : g — g is a linear isometry for any h € H.

4. adx : g — g is skew-adjoint for any X € .

Proof. For any X € g, the curve t — exp(tX (e)) is the integral curve of X passing
through e when t = 0 (here, exp : g — G denotes the Lie group exponential map).
By left invariance of X, ¢t — Ly(exptX(e)) is the integral curve of X passing
through ¢ at 0. The identity Rexptx(g) = Lg(exptX) then implies that the flow
of X is given by Rexptx; this shows the equivalence of (1) and (2). Since Ady-1 =
Lj-1,0Rpse, and since Ly -1, is a linear isometry, the equivalence of (1) and (3) is
clear. The equivalence of (3) and (4) need only be established in a neighborhood
of e, because H is connected. Choose one such that is the diffeomorphic image via
exp of some open neighborhood of 0 in H,. If h = exp x, then ad, is skew-adjoint
iff ad® = — ad,; this occurs iff €24 = ¢~ 2ds or equivalently, (e2d=)* = (e2d=)~1,
Using the identity
Adoexp = e,

we see that this amounts to the condition that Adj = (Ady)~'; i.e., that Ady, is
a linear isometry. (]

It is well known that if G acts effectively on G/H, then the statements in the
above proposition are satisfied (for some left-invariant metric on G) iff Ad(H) has
compact closure in GL(g), cf. [35]. In particular, any compact Lie group admits
a bi-invariant metric; i.e., a metric for which both left and right translations are
isometries. Notice that by Lemma 2.4.1 and Proposition 2.4.1, if for X € g, right
translation by exptX is an isometry for all ¢, then K(X,Y) > 0 for all Y € g. For
example, a Lie group with bi-invariant metric has nonnegative sectional curvature

1
K(X,Y) = Z|[X7 Y%, X,Y e g. (2.4.3)
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On the other hand, many of these curvatures will be zero: Wallach has shown that
53 is the only simply connected Lie group that admits a left-invariant metric with
strictly positive curvature [129]. The fact that bi-invariant metrics have nonnega-
tive curvature can also be seen geometrically [43]: let M be a Riemannian manifold,
and suppose that for any pair ¢, ca of normal geodesics with ¢1(0) = ¢2(0), the
distance between c1(2t) and co(2t) is at most twice that between ¢ (t) and ca(t)
for small enough ¢. Then M has nonnegative curvature by the Rauch comparison
theorem, see also [9]. To establish this for a Lie group G with bi-invariant metric,

\l ) | )
L<2i=K>0 L=2l=K=0
consider a pair ¢, ¢z of normal geodesics of G with ¢1(0) = ¢2(0). By homogeneity,
we may assume they have e as initial point. Fix any small ¢, and consider g = ¢4 (t),
h = co(t). Then
d(g*,h*) = d(Lp-1 © Rg-1(g°), L1 © Rg-1(h*)) = d(h™'g,hg™")
<d(h™'g,e) +d(e,hg™).

Next, apply Lj-1 o R4 to both elements in the last distance term to deduce that
d(g?,h?) < 2d(h~1g,e). Finally, we obtain

d(g*,h*) < 2d(h™"g,e) = 2d(Ln(h™"g), Lu(e)) = 2d(g, h).

Since ¢; is a one-parameter subgroup of G, g? = ¢1(t)? = ¢1(2t), and similarly,
h? = cy(2t). This establishes the claim.

Let us examine in more detail the curvature tensor of a bi-invariant metric.
By (2.4.1),
1

VX = EadX7
so that
R(.X7 Y) =VxVy -VyVx — v[X,Y]

1 1
= Z(adx oady —ady cadx) — 3 adix,y] -

By the Jacobi identity, ad[x y) = adx cady —ady oadx, and

1
R()(7 Y) = _Z ad[ny} . (244)
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Given a Riemannian metric on a manifold M, define the Ricci form p of the
metric by
p(x) :=tr R, x€eM, peM,

where R, is the self-adjoint endomorphism of M, given by R.(y) = R(y,z)z.
Observe that Ric(x,x) = p(x). We claim that the Ricci form is independent of the
particular bi-invariant metric on G: recall that the Killing form of g is the bilinear
form (3, where

B(X,Y) = tr(adx o ady), X, Y eg.

The claim then follows from:

Lemma 2.4.2. The Ricci form p of a bi-invariant metric on G is given by p(X) =

—(1/4)B(X, X).
Proof. For X € g, (2.4.4) implies that Rx = —(1/4)(adx)?, since

1 1
RX(Y):_Zad[Y,X]X:_ZadX[ny]- U

It follows from the lemma that the Ricci tensor of a bi-invariant metric sat-
isfies

Rm:—&ﬁ. (2.4.5)

We now look at an important special case: recall that a Lie algebra is said to be
simple if it is nonabelian and has no proper ideals. A Lie algebra is semisimple if
it is the direct sum of simple ideals. Thus, for example, a semisimple Lie algebra
must have trivial center, since the latter is an abelian ideal. A Lie group is said to
be simple or semisimple if its Lie algebra has these properties.

Proposition 2.4.2. If 3 denotes the Killing form of a compact semisimple Lie group
G, then —f is a bi-invariant metric on G, called the canonical metric of G. The
canonical metric is Einstein with Ricci curvature 1/4.

Proof. The Killing form of any Lie algebra is symmetric and bilinear; we claim
it is negative definite when G is semisimple. Consider any bi-invariant metric
on G (such a metric exists by compactness of the group), and a corresponding
orthonormal basis X; of g. Since adx is skew-adjoint for this metric,

,X)=tr(adx)” = a iy XNi) = — adx X;|” <0,
B(X, X dx)? d% X, X dx X,|?

K2

and can only be zero if adx = 0. In that case, X belongs to the center of g, which
is trivial. Thus, —f is an inner product on g. We claim it generates a bi-invariant
metric on Gj i.e., that adx is skew-symmetric with respect to § for any X € g, so
that
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But this is a consequence of the following calculation:

tr(adx cady cadyz —ady oadx oady)

tr(ad;x,yjoadz)

—tr(ady cady oady —adx cady oady)

—tr(ady cady oady —ady ocadz cadx)

= —tr(ady oad(x,z).

Thus —( is a bi-invariant metric on G, as claimed. Its Ricci curvature is given by
(2.4.5). O

When G is actually simple, the canonical metric is essentially the only bi-
invariant metric on G:

Proposition 2.4.3. If G is a compact simple Lie group, then the canonical metric
18 the only bi-invariant metric, up to scaling by some constant.

Proof. We follow Milnor’s argument [87]. Any other bi-invariant metric {,) on G
can be expressed as (X,Y) = —3(LX,Y) for some self-adjoint L : g — g. Given
Z € g, ady is skew-adjoint with respect to both metrics, and

—B(Ladz X,Y) = (adz X,Y) = —(X,adz Y) = B(LX,ad, Y)
= —B(ady LX,Y),

so that adz and L commute. Eigenspaces of L are then invariant under ady for
any Z € g, which means that they are in fact ideals. Since G is simple, L can have
only one eigenvalue A, and (X,Y) = —X\-B(X,Y). O

We now return to the general case of an arbitrary left-invariant metric on G.
If H is a subgroup of G, then the left action

HxG— G,
(h,g) + hg

of H on G is by isometries, and the collection of orbits is a metric foliation on G.
If, in addition, H is closed, then the orbit space H\G = {Hg | g € G} admits
a manifold structure for which the projection 7 : G — H\G is a submersion,
and there exists a unique metric on the quotient such that 7 is a Riemannian
submersion. Notice that if H is normal in G, then the orbit space H\G = G/H is
a Lie group.

Example 2.4.2. The Heisenberg algebra is the (2n+ 1)-dimensional Lie algebra b,,,
where the only nontrivial bracket operations on a given basis X1,Y1,..., X,, Yn, Z
are

[Xl,YZ]:—[Yl,Xl]:Z, Z:L,TL

Clearly, b,, has one-dimensional center 3 spanned by Z. The Heisenberg group
H,, is the simply connected Lie group that has b, as its Lie algebra. The one-
dimensional subgroup R = {exp(¢Z) | t € R} is normal in H,, so that H, /R is
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a Lie group, and for any left-invariant metric on H,, there exists a metric on the
quotient such that = : H, — H,/R is a Riemannian submersion. Fix one such
metric. There exists an orthonormal basis of b,,, which we denote by the same
letters as before, in which the only nontrivial bracket relations are given by

[X“Y;] = —[Yv“Xl] = QOZiZ, 1= ]., ey, (246)

for some nonzero o; € R. By (2.4.1), VxZ = —(1/2)ad Z for X in the Lie
algebra of H,,, which, together with (2.4.6), yields

szizinZZ—OqY, VZ}/Z'ZVYiZZOQ’Xi.

Similarly,
inY; = —inXi = OéiZ7

and all other covariant derivatives vanish. By (2.4.2) and (2.4.3),
K(X;,Y;)=-3a}, K(Xi,2)=K(Y;,Z)=q},

and the sectional curvatures of planes spanned by other pairs of vectors in this
orthonormal basis are zero. It follows that the curvature of the quotient space
H,/Ris
3
K(X,Y) + 511X Vi)l = 0.
In fact, it is easily checked that the Lie group H,, /R is just the abelian group R?".

Returning to the general case, for arbitrary H and a given left-invariant
metric on G, the fibration of G by left cosets gH, g € G, will not, in general, be
metric. However, if Ad(H) has compact closure, then there exists a left-invariant
metric on G that is right-invariant under H, and the fibration is homogeneous for
this metric, since a fiber gH is the set {Ry,(g) | h € H}, and each Ry, is an isometry.
Furthermore, if G/H is endowed with that metric for which 7 : G — G/H becomes
a Riemannian submersion, then the natural action

G x G/H — G/H,
(9,aH) — gaH

of G on M := G/H is by isometries: If we denote by L, : M — M the action of
g € G, then Ly om = mo Ly, so that Ly is an isometry of M. M is then called
a (Riemannian) homogeneous space. The submersion H,, — R*" described in
Example 2.4.2 above falls in this category.

The fundamental tensors of the submersion 7 : G — M are entirely deter-
mined by their values at a single point (which we may therefore choose to be the
identity): Indeed, both horizontal and vertical distributions are invariant under
left translation, so that if x, y € He, u € Ve, and X, Y, U denote the left-invariant
vector fields that equal z, y, u respectively at e, then X (g), Y(g9) € Hy, and
U(g) € V, for any g € G. By (2.4.1), AxY and SxU are then left-invariant.
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Let m := h* denote the orthogonal complement of the Lie algebra § of H
in g, so that any Z € g decomposes as Z = Zy + Zn € h & m. The elements
of m then span the horizontal distribution at any point, and given X, Y € m,
AxY = 1[X,Y]y. Together with (2.4.2), this implies that the sectional curvature
of the plane P spanned by orthonormal 7, X and 7Y in T'M is given by

K(P) = 51X, Y], X],¥) — {[X, Y], Y], X) — {ad X, adj. V)

3

1 * *
+Z|adXY+adYX|2—Z|[

X, Y]nl%
The second fundamental tensor o of the fibers is
1
o(U, V)= 5{(adU Vm — (ad; V)m — (ady U)m }s UV eb.

But ady V belongs to h since b is an algebra, and so does adj; V = —ady V.
Thus, the fibers are totally geodesic, and their intrinsic curvature equals the one
in G. Since the restriction of the metric to b is bi-invariant, the curvature of the
fibers is given by (2.4.3). Furthermore, for orthonormal X e m, U € ), K(X,U) =
(1/4)] ad’ U|?. Summarizing, we have proved:

Theorem 2.4.1. Let G be a Lie group, H a closed subgroup of G, and consider a
left-invariant metric on G that is right-invariant under H. Then

1. there exists a unique metric on M := G/H such that the projection m : G —
M becomes a Riemannian submersion;

2. G acts by isometries on M in this metric via g(aH) = (ga)H, so that M s
a homogeneous space;

3. the fibers of m are totally geodesic;
4. for orthonormal X, Y e m:=h+, U, V € b,

1 1 1
AxY = §[X7 Y]y, K(UV)= Z' adg V>, K(X,U)= Z|ad§( Ul?,

and K(X,Y) is given by (2.4.2).

An important special case is that of a bi-invariant metric on G. G/H with the

induced metric is then called a normal homogeneous space. By the above theorem
and (2.4.3), we have:

Corollary 2.4.1. A normal homogeneous space has nonnegative sectional curvature.
Specifically, for orthonormal X, Y € m,

1
K(mX,mY) = Z|X,Y]ul* +[[X, Y]]
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Example 2.4.3 (The Berger spheres). Recall that the unit sphere in R* is the Lie
group of unit quaternions under quaternion multiplication. Consider the Lie group
53 x R with the bi-invariant metric that is the product of the standard bi-invariant
metrics on each factor. If ¢ : R — 83 is a unit-speed one-parameter subgroup of
53, and « is a positive number less than 1, then

H := {(c(at),V/1—a2t) € S* xR |t € R}

is a subgroup of S® x R, and the manifold M = (S® x R)/H inherits a normal
homogeneous metric from the projection 7 : S% x R — M.

Choose an orthonormal basis X1, Xo, X3 of the Lie algebra of S3 with
¢(0) = X1 (e), and [X;, Xi+1] = 2X;4+2 (mod 3), see for example [136]. The vertical
distribution of 7 : S x R — M is spanned by T := (aX1,v1 — a2D), and the
horizontal distribution by X := (—=v1 — a2X;,aD), (X2,0), and (X3,0). Since T'
spans the kernel of 7., the restriction 7 : S® x {0} — M of 7 has maximal rank
everywhere, and is therefore a local diffeomorphism. It is also injective, so that M
is diffeomorphic to S3.

We compute the curvature of M. Any pair Y, Z of horizontal vectors may
be expressed as

Y = a1 X + a2(Xo,0) + a3(Xs,0), Z =01 X + ba(X2,0) + b3(X3,0).

Then a straightforward computation yields
Y, Z] = 2¢1(X1,0) — /1 — a2(2c2(X3, 0) + 2¢3(X3,0)),
where ¢ = asbs — azbs, co = azby — a1bs, c3 = a1by — agby. It follows that
Y, Z]]* = 4(ci + (1 — a®)(c + ¢3)).
Furthermore, |Y|?|Z|> — (Y, Z)? = ¢3 + ¢3 + ¢3, and
Y. Z]? = {[Y. 2], T)* = 4cia®.

By Corollary 2.4.1, the curvature of the plane P spanned by 7.Y and 7.7 is

o V2R 48IY 22 _ (1= 0?)(c +) + ko
A(Y'PI1Z]2 = (Y, Z)?) i +c3+c3

23¢i — (3 +¢3)
A+ci+c3

=1l+a

9

so that the curvature K, of M satisfies
0<1—a?< Ky <1+ 3a2

It is a well-known fact that an even-dimensional positively curved manifold with
curvature bounded above by k has injectivity radius > m/y/k. This example
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by Berger shows that the result no longer holds in odd dimensions: Indeed, we
claim that M has a closed geodesic of length 27wv/1 — a2. Since 71 —a? <
7/(v/1+ 3a2) provided o? > 2/3, the injectivity radius of M must be smaller
than 7/(v/1 4+ 3a2). To establish the claim, observe that by (2.4.1), ¢ is a geodesic
of §% with period 2m. The curve v, with v(t) = (¢(—v1—a?t),at), is then a
geodesic in S3 x R that is horizontal, since its tangent vector at 0 is X (e). Fur-
thermore,

v(27V1 —a?) = (e(-27(1 — a?)),2maV/1 — a?) = (c(2ma?), 2ra/1 — a?),

by periodicity of ¢. Thus, v(27rv1 — @?) € H, and 7o~ is a closed geodesic in M
of length 27v/1 — o2. This establishes the claim.

Example 2.4.4. The Berger spheres in the previous example may be viewed as a
special case of the vertical warping discussed in Section 2.1, and is closely related
to the following construction due to Cheeger [34]: Let G be a compact group of
isometries of a Riemannian manifold M. Suppose M has nonnegative sectional
curvature, and endow G with a bi-invariant metric. G acts freely by isometries on
the Riemannian product G x M by left multiplication

9(9,p) = (99,9(p)),  G.9€G,pe M,
and the quotient space is diffeomorphic to M via
(Gx M)/G — M,
[(g.m)] — g~"(m).

The new metric on M therefore also has nonnegative curvature. It can be described
as the original metric on M shrunk in the direction of the G-orbits. To see this,
denote, as in Section 2.3, by U the fundamental Killing field on M induced by
U € g: Ulp) = 1,.Ul(e) for p € M, where 1, : G — M maps g € G to g(p) € M.
After identification of the tangent space of G x M at (e,p) with G. x M, the
vertical space of the submersion 7 : G x M — M is spanned by the collection

U(e),U(p)), Ueg. (2.4.7)

It follows that if x € M, is orthogonal to the orbit G(p), then (0,x) is
horizontal and 7,(0,2) = z. Thus, the length of vectors orthogonal to the G-
orbits is unchanged, as claimed. Notice that for U € g,

m(U(e),0(p)) = =U(p), (2.4.8)

as can be seen by differentiating the identity

m(exp(tU), p) = (exptU) ™" (p) =1, 0 expt(~U).
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(2.4.7) and (2.4.8) now imply that
m(U(e),V(p) =-Up) +V(p)., UVeg (2.4.9)

To see what happens to vectors tangent to orbits, consider U € g. By (2.4.7) and
(2.4.9), the horizontal lift of U(p) to G x M at (e,p) is

; iy D)

(07 U)(eap) - <(07 U)7 (U7 U)>m(e7p)

Thus, one easily computes that the length of U(p) squared in the new metric
equals
U]

1+ ([UP/1UP)
Notice that if we scale the inner product on g by 1/¢ and denote by g; the resulting
metric on the quotient (G x M)/G, t € (0, 1], then g; is the metric just described,
g converges to the original metric when ¢ — 0, and g; has nonnegative curvature
for all t.

The metric on R? constructed in Examples and Remarks 1.5.1(iv) is of the
type just described, with G = S*. The Killing field U in this case is the polar
coordinate field 9/06, and by the above, the metric in polar coordinates is given
by dr? + (r? /(1 + r?))d6?. The surface is asymptotic to a cylinder of radius 1.

(p) < U (p)-

2.5 The Aloff-Wallach examples

Apart from the rank one symmetric spaces (namely spheres, complex and quater-
nionic projective spaces, and the Cayley plane), examples of compact manifolds
with positive sectional curvature are very scarce. In this section, we describe an
infinite family of seven-dimensional manifolds of positive curvature following [2].
They are all Riemannian homogeneous spaces, although the metric is not normal
homogeneous in the sense of Section 2.4.

Denote by U(n) the unitary group of n x n complex matrices A such that
AA* = I,,, and by SU(n) the subgroup consisting of those matrices with determi-
nant 1. Any A € U(n) may be written as A = exp X for some X in the Lie algebra
of U(n). Then

I =expXexpX',

so that exp Xt = (exp X)™! = exp(—X), and X! = —X for small X. Conversely,
if Xt = —X, then for A :=exp X,

AA" = (exp X)(exp X') = exp(X + X') =1,
and A € U(n). Similarly, the identity

e X = det(exp X)
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implies that exp X € SU(n) iff tr X = 0. Thus, U(n) and SU(n) are Lie groups of
dimension n? and n? — 1 respectively, with Lie algebras

un) ={X € M, ,(C) | X + X" =0}, su(n)={X cu(n)|trX =0}.
Consider the Lie group G = SU(3). The inner product
(X,Y) := —Retr(XY)

on su(3) is Ad-invariant, and therefore induces a bi-invariant metric on G. De-

note by
A 0
K:{ [0 detAl} A e U(z)}

the standard imbedding of U(2) in G, with Lie algebra

e:{[f _gX] Xeu(2)}.

By the remark following Theorem 2.4.1, there is a normal homogeneous metric on
G/ K such that the projection G — G/K is a Riemannian submersion with totally
geodesic fibers. In fact, G/K is CP? with its canonical metric, and (G, K) is a
symmetric pair: the map that assigns to gK € G/K the complex line containing
ges (with e3 = (0,0,1) € C3) is a diffeomorphism G/K — CP2% Our next
objective is to deform the metric on G: Let G denote G with the metric from
Section 2.1 warped in the vertical direction by the number e2*®) where o(t) =
Inv/1+4t¢,t > —1. The results from Sections 2.1 and 2.4 imply that the curvature
tensor R of G is given by

~ 1 3t

(ROX, Y)Y, X)o = 7][X, Y = S VRP,
~ 1+t 9
- 1+1¢
(R(Th, T2)15,Th)y = T|[T17T2]|2
for X, Y € ¢+, T, T; € ¢, with Z¢ denoting the orthogonal projection of Z € g
onto ¢.
Since

([ i)

one easily checks that [E,€1] C €1, so that Adg(e1) C €. It follows that (), is
Adg-invariant. Notice also that

[e-, et c e (2.5.2)
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For nonzero k, | € R, consider the circle subgroup

e2ﬂ'ikt 0 0
Hy, = 0 e2mitt 0 [teR ,. (2.5.3)
0 0 e—2mi(k+1)t

The family of Aloff-Wallach examples consists of the seven-dimensional manifolds
My, == G/Hy,; together with the (nonnormal) G-homogeneous metric for which
the projection @ : Gy — M}, becomes a Riemannian submersion (notice that
Hy; C K, so that (,)4 is right-invariant under Hy;, and we may apply Theo-
rem 2.4.1). For simplicity of notation, from now on, (,)s will be denoted by ()
unless explicitly stated otherwise. Before computing the curvature of My, ;, some
preliminaries are in order.

The vertical space at the identity is the Lie algebra h of Hj,; which is
spanned by
2mik 0 0
T=1] 0 2ml 0
0 0 —2mi(k+1)

The horizontal space H, = b decomposes as an orthogonal direct sum H, =
H, & Hy, where Hy := h+ N¢, Hy := £-. The bracket relations between these
spaces are as follows:

Lemma 2.5.1.

L. [b, H;] C Hi;
2. [H“Hl] C f)@Hl;
3. [HhHQ] C Hs.

Proof. (1): Let T; € b, i = 1,2. Since adp, is skew-adjoint,
([Th, X],T2) = (X, [T1, T2]) = 0

for X € b, and [h, h*] C bt. Together with [h, H1] C € (which follows from the
fact that b, H; C ¥), this means that [h, H;] C b~ N€ = H;. On the other hand,

(0, ] = b, #4] C [£.65] C ¥- = I,

(2): Since ¢ = h @ Hy and Hy C ¢, [Hy,H;| C ¢ = h & Hy. The other identity
[Hy, Ha] C b @ Hy is just (2.5.2).

(3) [H17H2] C [ﬂ?l] C et = Hs. O
Lemma 2.5.2. Suppose kl >0, and [X,Y] =0 for X,Y € H. = H; & H>.

1. If X, Y € Hy, orif X, Y € Hy, then they are linearly dependent.
2. If X € Hy andY € Hs, then X orY is zero.
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Proof. (1): Let

ol oz 2t 22
X=1|-z1 [ , Y =|—-% Boi c H;.
—(a1 + fh)i —(ag + B2)i
Then
2Im Z1 29 iZl(ﬂQ — 042) + iZQ(O[l — 61) 0
[X, Y] = i?l(ﬂg — 042) + 7;52(041 — ﬂl) —21Im Z1 29 0
0 0 0

is zero by assumption. Furthermore, the condition X, Y L T implies

o, 2k +1 _ .
<|:ﬁi:| , [21 n k}> =0, i=1,2. (2.5.4)
Thus, we may assume
a1 Qo
= AeR 2.5.
HE R (255)

and the (1,2) entry of [X,Y] reads
()\iZg - izl)(ag - 52) =0. (256)

If ag = B2 = 0, then a1 = B = 0 by (2.5.5); moreover, z1, 2z are linearly
dependent since Im z;zo = 0, and the claim follows. If ay = (B2 # 0, then by
(2.5.4), 3(k+1) =0, contrary to assumption. Finally, if ag # (2, then by (2.5.6),
z1 = Az, and together with (2.5.5), we obtain X = AY as claimed.

Suppose next that X, Y € Hs. Since Hs is the horizontal space for the
submersion SU(3) — CP?, R(m.X,m.Y) = 0 by (2.4.4). But CP? has positive
curvature, so X and Y must be linearly dependent.

(2): Let

ot w 0 . .
X=|-w gi eH, Y= [—zf 0} €Hy, z= L}} e
—(a+ B)i 2

The assumption X 1 T implies (2a + @)k + (208 + )l = 0, which together with
the fact that kI > 0 yields

2+ 0= —é(2ﬂ—|—o¢). (2.5.7)

Since
0 0 (Qa+ B)iz1 +wze
0=[X,Y]=1({0 0 (a+28)izg—wz|,
* % 0
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(2.5.7) yields the system

l
_E@ﬂ + a)iz; + wzy =0,
—wz1 + (20 + a)izg =0

of equations in z1, 22, with determinant of coefficients (I/k)(283 + )2 + |w|?. But
kl > 0, so this determinant is positive (implying z = 0, and thus, ¥ = 0) unless
20 = —a and w = 0. In the latter case, (2.5.7) implies « = § = w = 0; i.e,
X =0. O

For X € H,, write X = X1 + Xo € H, & H>.

Lemma 2.5.3. If kI > 0 and [X,Y] = [X1,Y1] = 0, then X and Y are linearly
dependent.

Proof. Consider first the case X7 = 0 and X3 # 0. Then 0 = [X,Y] = [Xo, Y2] +
[X2,Y7]. Since [X2,Y2] € h & Hy, and [X3,Y:1] € Hy by Lemma 2.5.1, they both
vanish. By Lemma 2.5.2 (2), Y1 = 0, so that 0 = [X,Y] = [X2, Y2]. Lemma 2.5.2
(1) then implies that X5 = X and Y2 =Y are linearly dependent. The case X; # 0
and Xy = 0 is similar. We may therefore assume that X; and X5 are both nonzero.
Then

0=[X,Y] = [X1,Ya] + [Xo, V1] + [ X, Y2, (2.5.8)

and by Lemma 2.5.1, [X3,Y2] = 0. Lemma 2.5.2 (1) then implies that Y2 = aX>
for some a € R, and therefore Y7 = (X1, also for some 8 € R. Substituting in
(2.5.8) yields

0 =[X1,Yo] + [Xo, V1] = (a = B)[ X1, Xo].
But [X1, X5] # 0 by Lemma 2.5.2 (2), since X; # 0. Thus, « = § and Y = aX as
claimed. 0

We are now ready to prove the main result:

Theorem 2.5.1. Let Hy; denote the circle group from (2.5.3). If ki(k+1) > 0, then
My := SU(3)/Hg, admits a homogeneous metric of positive curvature.

Proof. Endow SU(3) with the warped metric (, )4 the curvature of which is given
by (2.5.1). As remarked earlier, this metric is right-invariant under Hj;, and by
Theorem 2.4.1, My, ; admits a metric for which the projection 7 : SU(3) — My,
becomes a Riemannian submersion. Given X, Y in the horizontal space H. of
SU(3) at the identity e, a lengthy but straightforward computation using (2.5.1),
Lemma 2.5.1 and the results from Section 2.5 implies that the curvature tensor
Ry of My, is given by

1—3t
<RM(7T*Xa 7-‘-*Yv)ﬂ:kY; 7T*X> = T|[X7 Y]1|2 =+ t2|[X13Y1]|2

(1+1)2
4

+ X, Y| + (X, Y]V

+ (t - t2)<[X175/1]7 [X’ Y]>
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Consider the quadratic forms

1-—3t
Q1(x,y) = T332 — |t = |zy + 297,

Q2('Tay) = .732 - |t - t2|.17y + t2 27
which are easily seen to be positive definite if ¢ € (—1,0). By the Cauchy-Schwartz
inequality,
1-—3t 9 9
(B (X, m¥)m Y, meX) 2 ——|[X, Y[ — |t = *[[[X, Y]a[[[ X1, Va]u
+ 21X Vil P X YTV
— |t = X YT [X, YAV ]+ 2 X 0 )Y P

+ C i v

= Q1 (|[X, Y, |[X1, Yi]1])
+ Q2(|[X, Y]], |[ X1, 1 ]Y)
N (1+1)?
4

X, Y2
>0
if t € (—1,0). Furthermore, it can only be zero if
X Y| = [X, Y| = [[X Y]Y] = [ Xy, Vil | = [[X1, Y| = 0.

In this case, [X,Y] = [X31,Y1] = 0, and by Lemma 2.5.3, X and Y are linearly
dependent. Thus, M}, ; has positive curvature if —1 < ¢ < 0. g

It can be shown that if k, [ are relatively prime, then H*(My,) = Z/rZ,
where 7 = |k? + 12 + kl|. The above result therefore provides an infinite family
of seven-dimensional homogeneous spaces of positive curvature. These, together
with the rank one symmetric spaces and five exceptional manifolds are known to
be the only simply connected homogeneous spaces of positive curvature, cf. [20],

[16], and [129).

2.6 Bi-quotients of Lie groups

Consider a Lie group G with a left-invariant metric that is right-invariant under a
subgroup H. The last remark in the previous section implies that in order to obtain
more positively curved manifolds from G and H, one must somehow generalize the
homogeneous space construction G/H. Now, observe that G x H acts isometrically
on G via

(Gx H)yxG— G,
((g,h),a) — (g,h)a := gah™*,
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and so does any subgroup K of G x H. If K acts freely on G, then the space G//K
of orbits is called a bi-quotient of G. Since the action of K is by isometries, there
is a natural Riemannian metric on the quotient space such that the projection
m: G — G//K becomes a Riemannian submersion. Notice that if K C {e} x H,
then G//K is just a homogeneous space in the sense of Section 2.5. In general,
though, the vertical distribution of GG is not invariant under left translation: the
fiber through g € G'is F9 = {(kigky ") | (k1,k2) € K}. Given U = (Uy,Us) € ¢, let
¢; denote the one-parameter subgroup of G with ¢;(0) = U;(e). Then ¢ — ¢(t) :=
c1(t)gey H(t) is a curve in F9, and U determines a vertical Killing field U, with

0(g) := &(0) = (RyuUy — LguUs)(e). (2.6.1)

The vertical space V, at g is then equal to the subspace spanned by all U (9),as U
ranges over £. Since left translation is an isometry, we may, as far as calculations
are concerned, translate this space back to the origin and use (2.6.1) to obtain

Vg = Lg_l*Vg = span{(Adg_l U, — UQ)(E) | (Ul, UQ) S E} (262)

We see from this that the subspaces V¢ of G need not coincide for different values
of g.

Bi-quotients have been used to construct examples of spaces with positive or
nonnegative curvature. We discuss two such here.

2.6.1 The Gromoll-Meyer exotic sphere

Recall that the symplectic group Sp(n) is the group of n x n quaternion matrices A
satisfying AAt = I,,. If we identify R* with the division algebra H of quaternions,
then Sp(1) is just the set of unit quaternions, or in other words, S®. Sp(n) is simple,
and as such, admits a canonical bi-invariant metric of nonnegative curvature by
Proposition 2.4.2. Set G = Sp(2), and consider the subgroup K of G x G given by

e~{([5 9 ) roeser}

K acts freely on G, so that the seven-dimensional bi-quotient M := G//K of G
admits a metric with nonnegative sectional curvature. It turns out that this metric
has positive curvature on an open set.

Before identifying M as an exotic sphere (i.e., as a manifold homeomorphic,
but not diffeomorphic, to a standard sphere), we recall part of Milnor’s description
of S3-bundles over S* [86]:

Denote by zx and g the stereographic projections of S* from the north and
south poles respectively onto R*. For u € H \ {0},

U

ey oxgt(u) =as0ay(u) = TR
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R4

so that S4 is the identification space

u
IR4|_|IR4/’\-/7 uww, U#O,

obtained as the disjoint union of two copies of R*, where each nonzero u in one
copy is identified with u/|u|? in the other. Next, let [ be an odd integer, and set
m:= (1+1)/2, n:=(1—1)/2. Define

E=R'x S3URY x §3/ ~,

where (u,q) (for u # 0) in the first copy is identified with (u/|u|?, u™qu"/|ul) in
the second copy. Multiplication here is understood to be quaternion multiplication.
It follows that there exists a well-defined map 7 : E; — S*, with 7[u, q] = 3" (u)
if (u,q) lies in the first copy, and w[u,q] = xgl(u) for (u,q) in the second one
(here, [u,v] denotes the equivalence class of (u,v) in E;). Define maps ¢y : R* x
S3U0/ ~— 83 and ¢pg : DURY x S3/ ~— S by ¢n[u,q] = q, ds[u,q] = g. Then
A={(znyom ¢n),(zs om ¢ds)} determines a topology on E; by requiring both
maps to be homeomorphisms. Since

uw  umqu™

(25 0m,65) 0 (a0, fx) " (usq) = (W ) w0,

Jul

the atlas A determines a differentiable structure on Ej, and at the same time an
S3-bundle structure on 7 : E; — S*. Milnor showed that E; is homeomorphic to
S7, but not diffeomorphic, unless 2 is congruent to 1 modulo 7. We now identify M
as an exotic sphere, by showing it is diffeomorphic to E5: Denote by p : Sp(2) — M
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the projection onto the orbit space, and define

fi:RY*x 8% = M, Fa RY x S% M,
war oo |5, 1)) oo |2 3]

where ¢(u) = (1 + |u|?)~'/2. Notice that b and d cannot both vanish for

a b
(e ) e
If d # 0, then

a bl d [a b % o1y ﬁ%{é
o([2 )= Gale L8 1) oo
bd dad
= (3 1 )
Similarly, if b # 0, then
a b _ bd beb
e ) =70 )

It follows that the union of the images of f; and fo equals all of M. Moreover, f;
and fo are differentiable, and by the above, are invertible with

ft a 0]\ _(bd dad £t a b\ _(bd beb

v\l df) TNGap R e ) TR R
Finally, f5 ' o fi(u,q) = (u/|u|?,u?qu="/|u|), so that f; and fo combine to yield
a diffeomorphism between E3 and M, as claimed; see also [59).

—_ &ng
—_
\_/

2.6.2 The seven-dimensional Eschenburg examples

Let G = SU(3), and denote by My ; = G/Hy,,; any one of the Aloff-Wallach spaces
of positive curvature from Section 2.5. Eschenburg constructed a sequence M; of
bi-quotients of G with curvature converging in a sense to that of My, [42], [43].
In particular, M; is positively curved for large i. One remarkable aspect is that
M; is not a Riemannian homogeneous space; in fact, he proves that it is not even
homotopy equivalent to a compact homogeneous space.

For n € N, consider the subgroup K,, of G x G given by

62771'25 0 0 627rinkt 0 0
K, = 0 1 0 |,| o o emint 0 IteR
0 0 e—2mit 0 0 e—27'rin(k+l)t
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For the sake of brevity, we denote a diagonal matrix such as the first one above
by diag(e?™ 1,e~2"). K,, acts by isometries on G via

((a,b),9) — agb™",

and it is readily checked that this action is free for infinitely many values of n. We
will denote by M,, the bi-quotient G//K,, of G.
The Lie algebra &, of K,, is spanned by (U,, V) € g x g, where
271 271
™o, —ﬂ>, V = diag(2mik, 2mil, —2mi(k + 1)).
n

U, = diag (—,

n
Notice that V' generates the Lie algebra of Hy; C G, where G/Hy,; is the Aloff-
Wallach space My ;. The following result then guarantees that M, has positive
curvature for infinitely many values of n:

Theorem 2.6.1. Let K;, i = 1,2,... be l-parameter subgroups of G X G acting
freely on G, with Lie algebras t,, spanned by (U;, V), where U; — 0, V # 0.
Denote by H the subgroup of G with Lie algebra spanned by V. If M := G/H has
positive curvature, then so does M; := G//K; for large enough i.

Proof. Set T? := (V — Ady-1 Us)(e)/|(V — Ady-1 Us)(e)| € G, for g € G. Then

g,V
17 = @) (2.6.3)

uniformly in g. Fix some such g, and denote by H,, Hg C G| the horizontal spaces
of the submersions 7 : G — M := G/H, m; : G — M; = G//K;, respectively.
Observe that 7,3, has maximal rank for large 7 by (2.6.2) and (2.6.3). Next, let
Sy be the unit sphere in Hy, h : S; — G, the inclusion, and h; : Sg — G4 the
restriction of the m;-horizontal projection G, — Hg to Sy, followed by inclusion
’Hz — Gy. Then h; — h uniformly, since

hi(x) = Lgy(Ly-1.2 — (Ly—1,2, T{)TY), z €S,

By Theorem 1.5.1, given a plane P C ‘H, spanned by m-horizontal fields X, Y’
that are orthonormal at g, and P; := span{h; X (g), h:Y (9)},

3|(1a, — hi)[hiX (9), hiY (9)]]?
4([hi X (9)P1h:Y () — (hi X (9), hiY (9))?)

~ Ka(P) + 2116, ~ X, Y)(@) = K (r.P).

The claim now follows by compactness of G. 0

K, (mi P) = Ka(P;) +

Using spectral sequences, it can be shown that there exists a sequence n; —
oo of positive integers such that the spaces M,, = G//K,, are strongly inho-
mogeneous; i.e., they are not homotopy equivalent to any compact Riemannian
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homogeneous space. The above construction therefore yields infinite families of
positively curved such spaces.

Just as the Eschenburg examples are derived from the Aloff-Wallach spaces,
Bazaikin, motivated by the Berger example of the normal homogeneous space
SU(5)/(Sp(2) x U(1)), discovered an infinite family of thirteen-dimensional posi-
tively curved manifolds [12]. It is known that each Bazaikin space contains one or
more totally geodesically imbedded Aloff-Wallach or Eschenburg spaces [39].

2.7 Associated bundles

There is yet another construction which yields a large class of homogeneous sub-
mersions that often appear in the literature. Let P denote the total space of a
(right) principal G-bundle 7p : P — M = P/G, and F a manifold on which G
acts (on the left). Then G acts freely on P x F via:

GxPxF — PxF,
(g.p,m) — (pg~", gm).

The quotient manifold G\ (P x F) is usually denoted by P x¢ F, and is the total
space of a bundle 7 : P xg F — M with fiber F' and group G, where 7(G(p,m)) =
wp(p) for p € P, m € F. « is called the bundle with fiber F associated to the
principal bundle 7p (and the given action of G on F'). Now, suppose that both P
and F' have G-invariant metrics. Then G acts by isometries on the Riemannian
product P x F, and by Examples and Remarks 1.2.1 (iv), P X¢g F inherits a
metric such that the projection p: P x F' — P X F' is a Riemannian submersion.
Similarly, there exists a metric on M for which 7p : P — M becomes Riemannian.
Let m : P x F' — P denote the projection onto the first factor. Since the diagram

PxF — 5 PxgF

’”l Jﬂ

rp — M

TP

commutes, and since 7, p, and 7p are Riemannian, the bundle projection 7 :
P xq¢ FF — M is also a Riemannian submersion. Furthermore, if 7p has totally
geodesic fibers, then so does 7. To see this, consider a vertical vector w in the
tangent space of P x¢ F' at p(p, m), and its p-horizontal lift & = (v, w) € P, X F,.
The geodesic ¢z in P x F with ¢5(0) = @ decomposes as a pair (c1, ¢2) of geodesics
in each factor, and ¢ := pocy is a geodesic in P X F' with ¢(0) = w. It suffices to
show that m,.¢ = 0. Now, m,u = 0, so that

Tp«(V) = Tps 0 M1 (U) = Ty 0 ps(0) = meu = 0.
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Since mp has totally geodesic fibers, mp.(¢1) = 0. But then,
TuC = Ty 0 px(Ca) = Tpx 0 Mix(Ca) = Tp(é1) =0,

which establishes the claim, cf. also [96].

Example 2.7.1 (The tangent bundle of a homogeneous space). Let M = G/H de-
note a Riemannian homogeneous space, and set p := eH € M. There are natural
actions (g,aH) — gaH and (g,u) — g.u of G on M and T M, respectively. The
latter action, when restricted to H, leaves the tangent space of M at p invari-
ant, and thus defines a bundle 7 : G xg M, — G/H with fiber M, associated
to the principal H-bundle G — G/H. G acts on the total space G xg M via

(91, p(92,u)) — p(g192,u), and the map

f:Gxg M, —TM,
p(g,u) — gxu

is a well-defined G-equivariant diffeomorphism. Since the action of H on both
factors is by isometries (here M), is identified with Euclidean space by means of
its inner product and H is then a subgroup of the orthogonal group), G xg M,
inherits a natural Riemannian metric, and so does T'M via f. Furthermore, if
mu : TM — M denotes the vector bundle projection that maps v € M, to g, then
mu o f =, since for u € M,

7 o f(p(g,w) = ma(geu) = g(mmu) = g(p) = 7(p(g, u)).

Thus, after identifying G xgyg M, with TM via f, m is just the vector bundle
projection myy.

\/

By Theorem 2.4.1 together with the above discussion, 7 : TM — M is then
a Riemannian submersion with totally geodesic fibers. Notice that if the metric
on G is bi-invariant, then the sectional curvature of TM is nonnegative. This is
the case, for example, of the tangent bundle of S™ = SO(n + 1)/SO(n). The
curvature cannot, however, be positive: Since M = G xg {0} C G xg M, the
horizontal distribution through any point of M is integrable; i.e., A = 0 along M,
or equivalently, the zero section is horizontal. By the proof of Theorem 2.2.2, the
S-tensor must also vanish along M, and any plane spanned by a vector tangent
to M and one orthogonal to M has zero curvature, cf. (1.5.2).

The construction above has many applications. One such is the following
theorem due to Cheeger [34]:
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Theorem 2.7.1. The connected sum of two rank one symmetric spaces of the same
dimension admits a metric of nonnegative curvature.

Proof. The construction is similar in all cases, and we shall only outline it for
complex projective space. Consider the Hopf fibration $2"+! — CP™; the associ-
ated rank two vector bundle E = §?"*! x g1 R? — CP" is the normal bundle of
the inclusion of CP™ into CP™*!, and as such, its total space E is diffeomorphic
to CP"*! with a ball removed. Endow R? \ {0} with the metric given in polar
coordinates by

(0,,0,) =1, (0,,09) =0, and (9, 0p)(r) = f2(r),

where f is a differentiable concave function on (0, +00) with the following prop-
erties:

1. f is extendable to a smooth odd function on (—¢,€) for some € > 0;
2. f'(0) =1, and
3. f is constant for r > rg, where ro > 0.

Conditions (1) and (2) guarantee that this metric on the punctured plane is ex-
tendable to all of R?, cf. [53], [104]. The resulting surface P, has nonnegative
curvature. In fact, it can be expressed as a warped product

P, = [0700) X 2 517
where by Corollary 2.2.1,

"

(R(X,TT,X) = —7|T|2 > 0.

Notice that the warping function f is constant for r > rq, so that the complement
of the ball of radius 79 around the origin is isometric to the cylinder (rg, 00) x S*.
Since P, is rotationally symmetric, there is a submersion metric on £ = $2"+1 x g1
P induced by p: S?"*! x P, — E, and it has nonnegative sectional curvature.

Given p € 2"ty € R?, the distance in E between p(p,0) and p(p, u) equals
the distance between the sets {(pz0,0) | zo € S'} and {(pz1, 2y 'u) | z1 € S'} in
the Riemannian product S?"*1 x Py. The latter is clearly |u|, and it follows that
the distance from p(p,u) to the zero section p(S?"*1 x {0}) = CP" also equals
|u|. Since P; is isometric to the product (rg,c0) x S* for r > rg, the action of S*
on the first factor is trivial, and the complement of the tubular neighborhood of
radius rg about CP" is isometric to

S g (ST x (g, 00)) = (82" x g1 §1) % (rg,00) = M % (o, 00),

where M denotes the Riemannian manifold $2"*! x g1 S' which is diffeomorphic
to a sphere.

By gluing two such disk bundles of radius R > 7 along their common bound-
ary, we then obtain a well-defined metric of nonnegative curvature on the con-
nected sum of two copies of CP" 1, O
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Remark 2.7.1. One cannot expect to construct metrics of nonnegative curvature on
a connected sum of arbitrarily many copies of CP™: One of the known obstructions
to the existence of metrics with nonnegative curvature is a result of Gromov [64],
which states that for each positive integer n, there exists a constant C(n), such
that the total Betti number of any n-dimensional complete manifold of nonnegative
sectional curvature is less than C(n). This, in fact, illustrates how much weaker,
as a property, positive Ricci curvature is as opposed to nonnegative sectional
curvature: Sha and Yang [113] have shown the existence of seven-dimensional
manifolds with arbitrarily large total Betti number, which admit complete metrics
of positive Ricci curvature (and cannot all admit metrics of nonnegative sectional
curvature by the above). The details of their construction are fairly technical in
nature, but since it is related to the metric on the Hopf bundle from the above
theorem, we provide an overview of it.

First, let us look at an alternative description of the standard metric on the
total space E = 83 x g1 R? of the plane bundle associated to the lowest-dimensional
Hopf fibration. The unit sphere bundle has total space S% x g1 S1 = S3, so that the
complement Ej of the zero section S x g1 {0} = S? is diffeomorphic to (0, 0) x S?
via

Ey — (0, OO) X 537
U

u — (Jul, —).
(b, )
E itself can then be realized as [0,00) x S%/ ~, where the equivalence relation
identifies (0,p) with (0,pz) for p € S3, z € S'. We have seen that the distance
function from the zero section is the projection 7 : (0,00) x S* — (0,00), and
is a Riemannian submersion. The total space (0,00) x S? of the submersion is
not, however, a warped product, because only the direction tangent to the Hopf
fiber in S3 is warped, leaving its orthogonal complement unchanged: Denote by
I the Killing field on S® whose flow generates the Hopf fibers, cf. Examples and
Remarks 1.5.1, where it was called IN instead. If R? is endowed with the stan-
dard flat metric, then the vertical space of p : S% x R2 — E = S3 x g1 R? has
1/(1472)Y/2(I, —8p) as orthonormal basis. The vertical component (I,0)Y of (I,0)

then has norm squared

1

(O = 5 ((1.0), (1 =00 = 1.

1402
so that [p.«(1,0)]> = 1 —1/(1 +r?) = r?/(1 + r?). Thus, the metric on E =
[0,00) x §3/ ~ is

d?"2 6997“;
where g, is the metric on S® given by
2

.
gr(I, 1) = T2 GriItert = g|1t@rt;
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with g denoting the canonical metric on S®. As in the proof of Theorem 2.7.1, the
function r + 72/(1 + r2) may be replaced by any function f2, where f is odd,
and f(0) = 0, f/(0) = 1. In the sequel, we shall consider the unit disk bundle
E'=10,1] x §3/ ~, together with the metric dr? & g5, where

grp(I,1) = f2, grbiriers =b2gLert, (2.7.1)

with the function f and the positive number b yet to be specified.

With these preliminaries out of the way, we now examine the Sha-Yang con-
struction, which involves surgery on the seven-dimensional manifold S* x S3: Let
a > 1, b as above, and consider the Euclidean spheres M = S, N = S? of radii
a, b, respectively. Fix a point pg € M. The closed ball B;(pg) of radius 1 around
po in M is isometric to the warped product

[Oa 1] ><¢7 S?/ ~0,

where ¢(r) = asin(r/a), and ~q collapses {0} x S? to a point, cf. Theorem 2.2.1.
The manifold (M \ B1(p)) X N is then M x N with

Bi(p) x Sy = ([0,1] x4 S7)/ ~o0 xSy
removed. The part removed is now replaced by a space that is topologically
E' x 8% = ([0,1] x §%)/ ~ xS3,

but with the identification interchanging the S3-factors; i.e., (r,p,q) € By (p) x S®
is to be identified with (r,q,p) € E! x S3. The metric on E' x S? is a warped
product

(El,de D gf7b) X 2 S?

Because of the interchange in the S3-factors, we require that
r

k(r) =asin—, and f(r)=0bforr >1,
a

in order to obtain a well-defined metric on the whole manifold.

Sha and Yang show that the functions k, f, and the number b may be chosen
to yield a metric of positive Ricci curvature on E' x S3. Since the metric on the
complement of E' x S2 is the original product metric, one obtains a metric of
positive Ricci curvature on the entire manifold. Finally, by choosing the radius
a of S* large enough, the same type of surgery can be performed at any given
number of points on S*, since they only need to be at distance larger than 2
from each other. One then obtains 7-manifolds of positive Ricci curvature with
arbitrarily large total Betti numbers.

These examples have since been extended to four-dimensional manifolds, cf.
[6], [114]: Tt is now known that a (clearly) necessary but also sufficient condition
for a compact, simply connected four-dimensional manifold to admit a metric of
positive Ricci curvature is that it be homeomorphic to one that admits a metric
with positive scalar curvature. There are 4-manifolds that do not fall under this
category, namely spin manifolds with nonzero signature.
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Returning to our original theme, it should be noted that there is also a
different way of constructing metrics on P x ¢ F', one that does not involve a metric
on P, but rather one on the base space M of the principal G-bundle P — M,
together with a connection on that bundle. The proposition below is due to Vilms
[127):

Proposition 2.7.1. Let M be a Riemannian manifold, 7p : P — M a principal
G-bundle over M with connection H. Given a Riemannian manifold F on which
G acts by isometries, there exists a (unique) metric on P Xg F such that 7 :
P x¢g F — M is a Riemannian submersion with totally geodesic fibers isometric
to F' and horizontal distribution H := p.(H x {0}), where p: P x F — P xg F
denotes projection.

Such a metric is called a connection metric.

Proof. As before, m; : P x F' — P denotes projection. Observe first that since
mTOoOp=TpOT,

mH = (mop)(H x {0}) =mps.om(H x {0}) =7p.H =TM.

Thus, T(P xg F) = kerm, @ 7%7 and uniqueness is immediate, since ker m, L 7%
and the inner product is specified on each factor. To establish existence, given

(p,m) € P x F, endow H,(p, n,y With the inner product for which the restriction
Ty ﬂp(p7m) — M, (p) becomes a linear isometry. Next, endow the vertical space
ker 7, 5(p,m) = P+ ({0} x F}p,) with the inner product for which Ay @ Fi, — p« ({0} x
F,,) becomes a linear isometry, where h, : F' — p(p, F) is given by h,(m) =
p(p, m); i.e., we endow the fiber p(p, F') over mp(p) with the Riemannian metric for
which h, becomes an isometry. To see that this metric is well defined, observe that
if Ly : F' — F denotes the isometric action of g € G on F', then h,y = hpoL,. Thus,
hp is an isometry iff h,, is one for any g € G, and the definition is independent
of the point (p,m) chosen in the fiber. Finally, set kerm, L H. By construction,
m: P xqg F — M is a Riemannian submersion, and it remains to show that the
fibers are totally geodesic. Consider, to this end, a regular curve ¢ : [0,1] — M
in M. If ¢ denotes its horizontal lift to P (meaning ¢ is tangent to H) starting at
p, then po (¢, m) is the horizontal lift of ¢ to P x¢ F starting at p(p,m). Now,
'H is a G-connection, so that if ¢ is closed, then ¢(1) = pg for some g € G. Thus,
p(é(1),m) = p(pg, m) = p(p,gm), and under the identification h, : F — p(p, F),
the holonomy diffeomorphism induced by c is just the isometry L, of F. But if
holonomy transformations are isometries, then by the discussion in Section 1.4,
the fibers are totally geodesic: In fact, a holonomy Jacobi field along a horizontal
geodesic must have constant norm, so that

0=|J[* =—-2(S:J, J),

and S =0. O
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It is worth noticing that the construction outlined at the beginning of the
section is actually a special case of Proposition 2.7.1, provided the fibers are totally
geodesic; i.e., if G acts freely on the right by isometries on a Riemannian manifold
P, acts isometrically on the left on F, and if P — P/G has totally geodesic
fibers, then the metric on P x¢g F for which p : P x FF — P X¢g F becomes a
Riemannian submersion is a connection metric as in Proposition 2.7.1: Since the
horizontal distribution H of the Riemannian submersion 7p : P — M = P/G is
invariant under the action of G, it is a connection on the principal bundle 7. By
commutativity of the diagram

PxF —2 5 PxgF

“l b

r — M

TP

)

7. maps p.(H x {0}) isometrically onto T'M, so that p.(H x {0}) is the horizontal
distribution of m. Since the fibers are totally geodesic, the claim follows from
the uniqueness part of the proposition. The fibers, though, will not, in general, be
isometric to the original Riemannian manifold F'. The point here is that connection
metrics are equivalent to Riemannian submersions with totally geodesic fibers in
the following sense:

Theorem 2.7.2. Let 7 : M — B be a Riemannian submersion with totally geodesic
fibers. Then 7 is a fiber bundle and the metric on M is a connection metric.

Proof. That 7 is a fiber bundle was the content of Theorem 1.4.1 (1). In fact,
recall that for fixed by € B, if F:= 7m~!(by) and G is the Lie group of isometries
of F', then the corresponding principal G-bundle P — B has as fiber ng(b) the
collection of all isometries F' — 7~ 1(b), and M is identified with P x¢ F via

PxgF — M,
p(h,q) — h(q).
By definition, given h € 77131(19), the map
F— p(haF) = 7-‘-_1(1))7
q— p(h,q)

is just h, hence is an isometry. It remains to show that under the identification
M = P xgF, the horizontal distribution H of M — B equals p.(H x {0}) for some
connection H on P; i.e., that Ry Hy, = Hyg for h € P, g € G, or equivalently, that
if v : I — P is a curve in P such that p(v, ¢) is horizontal in M, then p(R, 07, q)
is also horizontal for ¢ € G. Now, if ¢ : [0,1] — B is a curve with ¢(0) = b, then
the horizontal lift of ¢ in M starting at some point p(h,q) € 7—1(b) is given by

t — p(hc“o,t] o h7 Q)ﬂ
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where h. is the holonomy transformation associated to c¢. But then for any g € G
the curve

t — p(Rgoheyy, ©hyq) = hepy, (h(99))
is the horizontal lift of ¢ starting at g(q), thereby establishing the claim. O

Example 2.7.2. Let G be a Lie group, K, H compact subgroups with K C H.
Then there exist G-invariant metrics on G/K, G/H, and a normal homogeneous
metric on H/K such that the natural fibration = : G/K — G/H becomes a
Riemannian submersion with totally geodesic fibers isometric to H/K, cf. [15].
To see this, choose a left-invariant metric on G that is right-invariant under H,
so that 7¢ : G — G/H is a Riemannian submersion as in Section 2.5. We claim
that the horizontal distribution H of ¢ is a connection on the principal H-bundle
mg: given h € H, g € G, we have Ry, Hy = Hyn, since Ry is an isometry of G
that preserves the fibers, and therefore also their orthogonal complement. Thus,
‘H is a connection (this also follows from the fact that the fibers of G — G/H
are totally geodesic — by Theorem 2.4.1 — together with Theorem 2.7.2). The
restriction of the metric to H is bi-invariant, so that H acts by isometries on the
normal homogeneous space H/K. By Proposition 2.7.1, there exists a metric on
the total space G/K = G xg H/K of the associated bundle with fiber H/K for
which 7 : G/K — G/H becomes a Riemannian submersion with totally geodesic
fibers. It is straightforward to verify that this metric is G-invariant: left translation
L, : G — G induces a well-defined diffeomorphism L, of G x g H/K such that

the diagram
Lgx1pg K
9T H/K,

Gx H/K Gx H/K

| |#

commutes. Furthermore, since L, also induces an isometry of G/H, we have that
LywH ="Ho Ly Thus,

Lgeps(H x {0}) = ps(Lgs M x {0}) = pu(H 0 Ly x {0}),

and L, preserves the horizontal distribution of 7. Since L, is an isometry, the
restriction of L4, to this horizontal distribution is isometric. Finally, the restriction
to the vertical distribution is also isometric, because if a € G, h € H, and (0,u) €
Go X (H/K)pi, then

Lg*p*(a,hK) (Ou ’LL) = Px (Lg*ou ’LL) = Px(ga,hK) (Ou u)v

and [p.(a,nx) (0, %) = |pu(ga,ni)(0,u)| = u, by definition of the fiber metric.

Proposition 2.7.1 enables us to construct metrics of positive Ricci curvature
on certain fiber bundles, following results of Poor [106], Nash [96], and Bérard



100 Chapter 2. Basic Constructions and Examples

Bergery [17]. But first, some notation: given a Riemannian manifold M, denote as
in Section 2.4 by p the Ricci form of the metric,

p(z) := Ric(z, z), xeTM.
If : M — B is a Riemannian submersion, and u € V, define

A, H—H,

x— Au.

The following is an immediate consequence of Theorem 1.5.1:
Lemma 2.7.1. Let m : M — B be a Riemannian submersion with totally geodesic
fibers. Then for basic X,
(oar — pP)(X) = 3tr A Ax;
p¥(X) = (p— pP")(X) = tr Ax Ay = tr A} Ax;
p™(T) = tr A7 Ar,

where, as usual, X also denotes the m-related vector field on B.

Theorem 2.7.3. Let M and F' denote compact Riemannian manifolds with positive
Ricci curvature, m : E — M a fiber bundle with fiber F' and structure group G.
If the metric on F is G-invariant, then E admits a metric with positive Ricci
curvature.

Proof. Endow E with some connection metric as in Proposition 2.7.1, and apply
vertical warping to the fiber as in Section 2.1, taking the function ¢ to be a constant
r € R. If p denotes the Ricci curvature of the new metric, then decomposing a
vector field W = X + T on E as a sum of horizontal X and vertical T', we have

(W) = p(X) + p(T) + 2Ric(X, T). (2.7.2)
(2.1.28) yields

21— ) (om — p)(X),

ﬁ(X)=,0(X)+3

which, by Lemma 2.7.1, becomes

~ 2=t x)

(1= e2)par (X) + €2 p(X) + (1 — ") (p — p)(X) (2.7.3)
11w — )X

(1= 2)pas (X) + 2 p(X).
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Similarly, (2.1.34) yields
PT) = (1= ) {pr(T) — ¥ tr Ay Az} + e p(T),
which, by the lemma, becomes
BT) = pr(T) + ¥ " (). (2.7.4)

Finally, the Codazzi equation implies that RicY(X,T) = 0 because the fibers are
totally geodesic, and (2.1.31) becomes

Ric(X,T) = ¢*" Ric*(X, T). (2.7.5)
Substitution of (2.7.3), (2.7.4), and (2.7.5) in (2.7.2) then yields
POWV) = (1 — e®)par(X) + €2 p(X) + pr(T) + " pP(T) + 2% Ric® (X, T).

Asr — —o0, p(W) — py(X) + pr(T) > 0, and the result follows by compactness
of E. O

Notice that the theorem applies to the principal bundle 7p : P — M of
any vector bundle of rank & > 3 over a compact manifold M of positive Ricci
curvature, since for k > 2, the orthogonal group O(k) admits a bi-invariant metric
of positive Ricci curvature. It does not apply, however, to the one-dimensional
O(2). In this case, we argue as in [17]: Up to a 2-fold cover and scaling, we may
assume that 7p is a principal S'-bundle. Let T be a basis of the Lie algebra of
S, and T the corresponding fundamental vector field, cf. (2.3.3). The curvature
form 2 of a connection on 7wp may then be identified with the real-valued 2-form
(also denoted Q) on P given by

Qp)(X,Y) :=(Q(p)(X,Y),T), X, YcH, pebPh

and is always the pullback via mp of a closed 2-form on M, the cohomology class
of which is 2me € H?(M,R), where e is the real Euler class of the bundle. Denote
by « the unique harmonic representative in that cohomology class. By [82], there
exists a connection on mp whose curvature form equals 7ja. Endow P with the
corresponding connection metric, with totally geodesic fibers of length 27. (2.3.2)
then implies that

a(X,Y) = —2(A3Y,T), (2.7.6)

where X, Y are the basic lifts of X, Y € XM. Observe that if ¢; denotes the flow
of the vertical Killing field 7', then any basic field X is ¢;-related to itself, so that
[X,T] = 0. Thus,

VLT =ViX = -SgT =0.
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If X; is a local orthonormal basis of XM, harmonicity of a implies that for X €
XM,

0=0a(X) =) (Vx,a)(X;,X)

i

= _QZ{XZ<AX1X7T> - <AVX1,X1X7T> — (A%, Vx X7T>}
= _2Z{<VXL(AX1X)7T> - <AinX1XvT> — (A%, V5, X, 1)}
= _ZZ«VX A)XIX’T> =-2 Z<R(X27X)X15T>a

where the last equality uses (1.5.7). It follows that Ric® (X, T) = 0, and the formula
for the Ricci form p(W) at W = X + T in the warped metric becomes

W) = (1 €)par(X) + €7 p(X) + ¥ p™(T).

It follows that the Ricci curvature can be made nonnegative, and strictly positive
at any point where
PM(T) = tr A A >0

is nonzero for T # 0. This implies that if the Euler class is nonzero, then « # 0, and
by (2.7.6), there is one point at least where the Ricci curvature will be positive.
But by a result of Aubin [4], such a metric can be deformed to one of strictly
positive Ricci curvature. On the other hand, if the Euler class is zero, then the
bundle is trivial, and P is diffeomorphic to M x S*. By Myers’ theorem, P cannot
admit a metric of positive Ricci curvature. Summarizing, we have:

Theorem 2.7.4. Let mp : P — M be a principal O(k)-bundle over a compact
manifold M of positive Ricci curvature. If k > 2, then P admits a metric of positive
Ricci curvature. When k = 2, P admits a metric of positive Ricci curvature iff wp
or its orientable 2-fold cover is not a trivial bundle.

Remark 2.7.2. Nash [96] has shown that if the total space of a principal O(k)-
bundle over a compact M with positive Ricci curvature admits a metric with
positive Ricci curvature, then so does the total space of the associated rank k
vector bundle over M. Thus, the total space of any vector bundle of rank k > 2
over a compact manifold of positive Ricci curvature admits a complete metric
of positive Ricci curvature: This follows from Theorem 2.7.4 unless the bundle,
up to a 2-fold cover, is trivial of rank two. But if P denotes R? with a metric of
positive sectional curvature, then M x P with the product metric has positive Ricci
curvature. On the other hand, the statement is not true for rank one bundles: up
to a 2-fold cover, the total space of such a bundle is diffeomorphic to M xR, and as
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such cannot admit a metric of positive Ricci curvature. Indeed, for any complete
metric on M X R, there must exist a line; i.e., a normal geodesic ¢ : R — M
with d(c(t),c(t')) = |t — /| for all ¢, t'; one way to see this is to fix some p € M
and observe that for any n € N there exists a minimal normal geodesic ¢,, from
(p, —n) to(p, n). ¢, intersects M x {0} in a unique point ¢, (¢,). Since the sequence
Up = ép(ty) lives in a compact set (namely, the restriction of the unit tangent
bundle of M x R to M x {0}), we may assume it converges to some v. It is now
easy to see that the geodesic ¢ — exp(tv) is a line. Gromoll and Meyer, however,
have shown that a manifold of positive Ricci curvature cannot contain a line [58],
cf. also [36].

2.8 Fat bundles

Given a submersion 7 : M — B, one usually seeks to endow B with a metric of
positive (or nonnegative) curvature by projecting via 7 an existing metric on M.
But the problem can also be inverted: If B is a Riemannian manifold with positive
curvature, one may ask whether there is a metric of positive curvature on M for
which 7 becomes Riemannian. Now, the curvature of a vertizontal plane (i.e., a
plane spanned by a unit vertical u and unit horizontal x) is

Ko = ((VYS)u, 1) — |Spul? + |ALul?

by Theorem 1.5.1. The easiest way to guarantee that this be nonnegative is to
require that the fibers be totally geodesic. This motivates the following definition:

Definition 2.8.1. A Riemannian submersion with totally geodesic fibers is said to
be fat if all vertizontal planes have positive curvature.

This terminology was introduced by Weinstein [137], see also [146] for a
comprehensive survey of fat bundles. The reason the words ‘bundle’ and ‘submer-
sion’ are often used interchangeably when referring to fatness is that according to
Theorem 2.7.2, any Riemannian submersion with totally geodesic fibers is a fiber
bundle with a connection metric. Furthermore, we will soon see that fatness can
be expressed in terms of the connection.

By definition, a submersion is fat if A% :V — H is 1-1, or equivalently, if
Ax :'H — V is onto for any nonzero X € H. This already imposes fairly stringent
restrictions on the dimensions of the spaces involved:

Lemma 2.8.1. Let w: M — B denote a fat submersion. Then

1. B is even-dimensional;
2. dimV < dimH — 1, and equality only occurs when dim H = 2,4, or 8.

Proof. At any p € M, for fixed nonzero u € V,, the assignment (x,y) — (Azy,u)
is a skew-symmetric nondegenerate bilinear form on H,; i.e., a symplectic form.
Elementary linear algebra implies that H, and hence also B, is even-dimensional.
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The second statement follows by observing that the assignment x — A%wu defines
a nowhere zero vector field on the unit sphere in H,,. Fatness actually yields dim V
linearly independent vector fields on the sphere of dimension dim H—1. This clearly
implies the inequality. Equality can only occur if the sphere is parallelizable, in
which case it must have dimension one, three, or seven. O

By Theorem 2.7.2, if 7 : M — B is fat, then 7 is an associated G-bundle,
with G denoting the isometry group of the fiber, and M = P X F. Since the
AxY are vertical Killing fields that span the fiber at each point, the action of G
on a fiber F' must be transitive, so that F' is a homogeneous space G/H, where H
denotes the isotropy group at some point of F'. Thus, M itself is diffeomorphic to
P x¢(G/H)=P/H.

Our next objective is to examine the restrictions that fatness imposes on the
connection, beginning with a connection H on the principal bundle. If w and
denote the connection and curvature forms of H, then by definition,

w(AxY) = —%Q(X, Y)

for horizontal fields X and Y on P, cf. (2.3.2). We assume from now on that G is
endowed with some fixed bi-invariant metric, or alternatively, that g is endowed
with an Ad-invariant inner product. Then fatness of the connection is equivalent
to non-degeneracy of the 2-form

(z,y) — (Qz,9),u)

on H for every u € g. More generally, any u for which the above form is nondegen-
erate is called a fat vector. Notice that if u is fat, then so is the orbit of u under
the adjoint action of G: this follows from the identity

R Q= Ad,-1 Q, g€ G,
which together with bi-invariance of the metric on G implies
(QUX,Y),Adyu) = (Ady—1 QX,Y),u) = (AR X, R Y), u).

Recall that the integral of a function f : G — R on an oriented Lie group G

is defined to be
[ 1= tn
G G

where 4 is the (dim G)-bi-invariant form on G consistent with the orientation that
satisfies fG = 1. It is a standard fact that for left translation Ly by g,

Lr=[roL,.
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cf. [136]. Fix a fat vector u, and define a polynomial p on g by

plw) = /G (w, Ady )",

where n = (dim B)/2. In other words p(w) is the integral of the function ¢ : G —
R, where ¢(g) = (w, Adgu)™. Then p is Ad-invariant, because

p(Adpw) = /

G

= p(w).

By Chern-Weil theory, the 2n-form p(§2) on P, with

(Adhw,Adgu>”:/(w,AdhflguYL:/ ¢o Ly :/ 0]
G G G

1
p(Q)(Xh .. .,X2n) = —(277,)' Z(Sgna) /;<Q(XU(1),XU(2))7Adg u> AN
AU Xo2n-1), Xo(2n)), Adg u)

is the pull-back to P of a closed (2n)-form a on B, the cohomology class of which
is independent of the choice of connection, and represents a characteristic class of
the bundle.

Theorem 2.8.1 (Weinstein). Let u € g be a fat vector for some connection on
mp : P — B. Then the bundle has at least one nonzero characteristic number.

Proof. For g € G, denote by pg the one-form on g given by ug(v) = (v, Adg u),
v € g. Then

p(Q)=/G(ug°Q)A--'A(ugoﬂ),

and by fatness, 408 is the pull-back of a symplectic (i.e., nondegenerate) form on
B. It follows that (ug 0 €)™, and hence also p(Q2) is the pull-back of a volume form
on Bj; in other words, the characteristic class above is represented by a volume
form «, so that the corresponding characteristic number | pa#0. g

Example 2.8.1. If G = S', then = 2whe, where e represents the Euler class of
7p. Since [Q"] # 0, [e"] # 0. Similarly, it can be shown that if G = S3 or SO(3),
then dim B = 4n, and [a"] # 0, where [«] denotes the first Pontrjagin class of the
bundle, see [146].

We next look at fatness in the context of associated bundles, which we have
seen are of the form 7 : M = P xg (G/H) — B, where H is the isotropy group
of some mog € G/H. For p € P, m € G/H, denote by 1, : G/H — P x G/H and
tm : P — P x G/H the maps ¢ — (p,q) and r — (r,m), respectively, and by [,
(resp. Ty,) the action of Gonp € P (resp.onm € G/H). If p: Px (G/H) - M
is projection, then pou,, ol, = p o1, ory,. Furthermore, the vertical space at p of
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the principal bundle 7p : P — B is l,..g. Thus, if u is a vertical vector in T, P,
then
Pe(t,0) = o (0, Praal s A0) = pr 0ttt = u 0 1 © o 0 I L
= (0, Pmaw(u)).
The above formula enables us to compute the A-tensor: Let X, Y € XB, with

basic lifts X, Y to P. The corresponding basic lifts to M are X = p, (X, 0) and
Y = p.(Y,0). Thus,

X V] = 2 (0%, 71%,0) = 5000, rmeel X, V)

1 .
= —§p*(07rm*Q(X, Y)).

AgY =

N~

Now, the restriction 7,4 : b+ — (G/H),, is isometric, and by definition of the
connection metric, the map

Pp * G/H - p(puG/H)a
gH — p(p,gH)

is an isometry. It follows that the associated bundle 7 is fat if and only if
(QX,Y),u) = —2(A5Y, ppurmutt) # 0

for every u € b, a situation we formally characterize below:

Definition 2.8.2. Let H be a subgroup of a compact group G. A connection on a
principal G-bundle is said to be H-fat if

(X,Y) — (QX,Y),u)
is nondegenerate for all nonzero u € h*.

We have proved:

Proposition 2.8.1. A connection on an associated bundle P x ¢ (G/H) — B is fat
iff the corresponding connection on the principal G-bundle P — B is H-fat.

We wish to illustrate Proposition 2.8.1 in the important special case of a
sphere bundle. Before doing so, let us recall without proof some facts concerning
the identification of the orthogonal algebra with the space of bivectors. For further
details, see for example [136].

If F is an inner product space, denote by o(E) the Lie algebra of skew-adjoint
transformations of E. There is a canonical isomorphism 7 : A2(E) — o(E), which
on decomposable elements is given by

Z(uAv)(w) = {v,w)u — (u, w)v.
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Notice that when u and v are orthonormal, this is a rotation by /2 in the plane
spanned by u and v. Endow o(FE) with the inner product

(A,B) = —1/2tr AB,

and As(F) with the one for which Z becomes a linear isometry. It follows that if
e; is an orthonormal basis of E, then e; A ej, i < j, is an orthonormal basis of
Ao (E).

The Lie group O(E) of orthogonal transformations of E acts on o(E) via the
adjoint action. Under the isomorphism Z, the action of O(E) on Ay(E) is given by

A(u Av) = Au A Av, AeO(E), wu,v€E, (2.8.1)
and extending linearly. Moreover, for M € o(E),
(M,uNv)=(Mv,u), u,v € E. (2.8.2)

With these preliminaries out of the way, consider a sphere bundle S* — M = B,
with corresponding principal O(k + 1)-bundle P — B. There is an associated
vector bundle R*! — E = P x(,11) R¥! — B, which inherits a connection
from one on the principal bundle. The following result expresses fatness of the
sphere bundle in terms of the curvature tensor R of the connection on the vector
bundle:

Proposition 2.8.2. A sphere bundle is fat iff the 2-form
By X By — R,
(z,y) — (R(z,y)u,v)
is nondegenerate for all linearly independent u, v € Ep,, m € B.

Proof. The fiber over m of the total space P of the principal O(k + 1)-bundle
7w : P — B consists of all orthonormal bases of E,,. If b denotes such a basis, then
for z, y in the tangent space of P at b, the matrix of R(m.x,m.y) € o(E,,) with
respect to the basis b is Q(b)(z,y), cf. [136]. Since the total space of the sphere
bundle is M = P xo(41) O(k +1)/O(k), Proposition 2.8.1 says that M — B is
fat iff the 2-form

(z,y) — (QO)(2,y), a) = (R(mwz, 7y), b))

is nondegenerate for all nonzero a € o(k)*, b € P. Here, the basis b is viewed as
a linear isometry b : R¥*! — E,, that extends in a natural way to an isometry
o(k+1) — o(E,,) via the identification Ao(R¥*1) =2 o(k+1); i.e., b(uAv) = buAbv
for u, v € R¥+ 1. If we identify o(k) with the subspace of o(k+ 1) spanned by e; Ae;
for 1 <4 < j, then e; A ey € o(k)*. Now, recall that if e; A ey is fat, then so is
Adg(er Neg) for any g € O(k+1). By (2.8.1), this means that the 2-form above is
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nondegenerate for any o = Adg e1 AAdy e2, g € O(k+1); i.e., for any decomposable
vector in R¥*1, In terms of R, this amounts to nondegeneracy of

(CE, y) = <R(7T*$, W*y)vﬁ>

for any decomposable 5 € As(E,,). Together with (2.8.2), this establishes the
result. g

The simplest examples of fat sphere bundles are of course the Hopf fibrations,
since they have totally geodesic fibers and their total spaces are positively curved.
In fact, it was shown in [40] that among all S®-bundles over S, the Hopf fibration
is the only fat bundle. Another indication that fat bundles are scarce is the fact
that, when the fiber dimension is larger than 1, the only known examples are
bundles of the form H/K — G/K — G/H as in Example 2.7.2 (a fat S'-bundle
is just one with symplectic base). All fat bundles of that type were classified in
[15]. It is actually easy to give a criterion for fatness in this case:

Proposition 2.8.3. Let G be a Lie group with bi-invariant metric. Then the bundle
7n:G/K — G/H from Ezample 2.7.2 is fat iff [X,U] # 0 for all 0 # X € b+ and
04U cttnh.

Proof. By Proposition 2.8.1, 7 is fat iff the principal H-bundle G — G/ H is K-fat;
i.e., iff the 2-form

bt xht —R,
(X,Y) — (X, Y),U)

is nondegenerate for all U € &£ Nh. But Q(X,Y) = —[X, Y]y by definition of the
connection on G — G/H, and

<Q(X, Y)7U> = _<[X7 Y],U> = <[X7 U],Y>

since the metric is bi-invariant. The claim clearly follows. 0



Chapter 3

Open Manifolds of
Nonnegative Curvature

Noncompact manifolds with a complete metric of nonnegative sectional curvature
were studied in detail by Gromoll-Meyer [58], and by Cheeger-Gromoll [36], who
gave a thorough account of their topology. Apart from some special cases, however,
their metric structure has only been understood fairly recently. It illustrates the
key role that Riemannian submersions seem to play in nonnegative curvature.

3.1 Convex sets in Riemannian manifolds

We begin by discussing several types of convexity that can occur in a connected
Riemannian manifold M with distance function d. As usual, B.(p) = {¢ € M |
d(p,q) < €} will denote the metric ball of radius € > 0 centered at p € M.

Definition 3.1.1. A subset C of M is said to be convex if any two points of C' can
be joined by a minimal geodesic of M, the image of which is contained in C'. If, in
addition, this geodesic is always unique in M, then C'is said to be strongly convex.

A classical result of J.H.C. Whitehead states that for any p € M there exists
a number r(p) > 0, called the convezity radius at p, such that if € < r(p), then any
metric ball contained in B.(p) is strongly convex. The corresponding boundary
sphere has positive definite second fundamental form.

Definition 3.1.2. C' C M is said to be locally convez if for any p in the closure C
of C, there exists e(p) € (0,7(p)) such that B, (p) N C is strongly convex.

Thus, a convex set is always locally convex, and a strongly convex set is
convex. There is one further type of convexity that usually occurs in conjunction
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with certain functions: A function f : M — R is said to be convex if for any
geodesic ¢ : I — M, the function foc: I — R is convex in the usual sense. If f
is such a function, consider a sublevel set C* = f~!(—o0,a], a € R, and points p,
g € C°. Given any (not necessarily minimal) geodesic ¢ : [0,1] — M from p to g,
we have

(foe)(t) <max{(foc)(0),(foc)(1)}

by convexity of f, so that the image of ¢ is contained in C*. A subset C' of M is
said to be totally convex if any geodesic of M joining two points of C' lies entirely
inside C'. Such a set is necessarily convex, provided M is complete. Proper totally
convex subsets exist only in special situations: it is easy to see that a round sphere,
for example, admits none. In fact, a result of Bangert implies that if M admits
such a set, then it is noncompact [11].

The next theorem shows that even the weakest notion of convexity in an
arbitrary Riemannian manifold shares features similar to those in Euclidean space:

Theorem 3.1.1 (Cheeger-Gromoll). Let C' be a closed, connected, locally convex
subset of a Riemannian manifold M™. Then C is an imbedded k-dimensional sub-
manifold of M with totally geodesic connected (relative) interior, and (possibly
non-smooth and/or empty) boundary, where 0 < k < n.

Proof. For now, we do not assume that C' is closed. Let k € {0,...,n} denote the
largest integer such that the collection of all smoothly imbedded k-dimensional
submanifolds of M contained in C' is nonempty, and denote by N the union of this
collection. We claim that N is a smooth, totally geodesic submanifold of M. To
establish the first part of the claim, it suffices to show that for any given p € N,
there exists a neighborhood U of p in N, and a neighborhood V of p in M such that
NNV =U. Now, by assumption, p belongs to some k-dimensional submanifold

q N

v

N(p) of M contained in C. Consider a neighborhood U C N(p) N B 2(p) of
p in N(p), and choose § € (0,¢(p)/2) small enough so that the exponential map
of the normal bundle of U, when restricted to vectors of length less than ¢, is a
diffeomorphism onto a tubular neighborhood V of U in M. Then N NV contains
U, and hence equals U: for if ¢ € (NNV)\ U, and r € U is the point in U closest
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to ¢, then the minimal geodesic from ¢ to r intersects U orthogonally. It follows
that the minimal geodesic from ¢ to any point in a sufficiently small neighborhood
Up of r in U intersects U transversally. Then the cone

{exp(tu) | u € My, |u| < 4,0 <t < 1l,expu € Up}

is a smooth (k + 1)-dimensional submanifold of M which is contained in C' by
convexity. This contradicts the definition of k. Thus, N is a submanifold of M,
and essentially the same argument shows it is totally geodesic.

Before proceeding any further with the proof, we point out the following:

Lemma 3.1.1. Let p € CNN, q, r € Be(py/a(p), 0 := d(q,7), and c a minimal
normal geodesic from q to r. If ¢ € N and r € C, then c[0,6) € N, and in
particular, r € N. Moreover, if r ¢ N, then c(0 +1t) ¢ C for 0 <t < e(p)/4.

Proof. Since N is k-dimensional, there exists a (k — 1)-dimensional hypersurface
U in N N B)/4(p) containing ¢ and transversal to the image of c. Consider any
po = c(ep) € C with 0 < €9 < 0 + €(p)/4. Then the smooth k-dimensional cone

V = {exp(tu) | u € Mp,, |u|] < e(p),exp(u) € U,0 <t < 1}

must be contained in C, and hence also in V. In particular, choosing py = r implies
that ¢[0,d) C N. Furthermore, if ¢(t + ¢) € C, then choosing pg = c(t + ¢) implies
that r = ¢(d) € N, which proves the last statement in the lemma. O

Resuming the proof of the theorem, we next claim that C' C N. To see this,
consider a connected component Ny of N. Then C C Ny, for otherwise we can
find points p € CNN, q € By 4(p) N No, and 7 € By /4(p) N (C'\ No). But then,
r € Ny by Lemma 3.1.1, which is a contradiction. Since any connected component
of N is dense in C, there can only be one; i.e., N = Ny, and C C N as claimed.
Assume now that C' is closed for the remainder of the argument, so that C' = N.
Consider points p € N\ N, and ¢ € Be(p)/a(p) N N. Define W to be the collection
of all unit vectors u in N, such that exp(su) € (N \ N) N By 4(p) for some

€ (0,¢e(p)/4). For any given u € W, the value of s is unique by Lemma 3.1.1,
and we denote it by f(u). Lemma 3.1.1 also implies that T is open in the unit
sphere in Vg, and that f is continuous on W. Then

F:(0,1] xW — C,
(t,u) — exp, tf(u)u

is a homeomorphism onto a neighborhood of p in C. This completes the proof of
the theorem. g

Since the boundary of a k-dimensional convex set is not necessarily smooth,
there is in general no notion of a (k — 1)-dimensional tangent space for a point in
the boundary. We consider instead the following;:
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Definition 3.1.3. Let C be a closed convex set in M. The tangent cone at a point
p in the boundary OC of C is the set

Cp ={u € M, | exp,(tu) € N for sufficiently small ¢ € (0,¢(p))} U {0}.

Given any ¢ € N at distance less than ¢(p)/4 from p € 9C, consider the
minimal geodesic ¢ from p to ¢. Then ¢(0) belongs to Cp, but by Lemma 3.1.1,
—¢(0) does not. Thus, C,, # M,,. However, given u € C,\ {0}, and ¢ := exp(tou) €
Be(py/a(p) N N, the argument of Lemma 3.1.1 with the hypersurface of N through
q orthogonal to ¢ shows that there is an open neighborhood of u contained in
Cp. Thus, Cp \ {0} is open in M,,. This enables us to describe C, in at least one
important special case:

Proposition 3.1.1. Let C C M be closed, connected, and p € OC. If there exists
q € N and a minimal normal geodesic ¢ from p to q that realizes the distance
between q and the boundary of C, then C, \ {0} is the open half-space

H={ueM,|£(u,c0)) < g}.

Proof. For tg € (0,¢(p)/2) smaller than d(p, q), —cjjo,+,] also realizes the distance
between ¢(tp) and the boundary of C, so that the closed ball of radius ¢ centered at
c(to) intersects OC in p only. A first variation of arc length argument then implies
that H C Cjp. On the other hand, if v € Cp,\ {0}, then £(v, ¢(0)) < 7/2: otherwise,
—v € H C Cy, so that for sufficiently small ¢, both exp(tv) and exp(—tv) belong
to N, and p itself then belongs to N by Lemma 3.1.1. Thus, C, C H. Since C,, is
open in M), this completes the argument. O

It can be shown that in general, C, \ {0} is an intersection of half-spaces.
Notice that there always exists a half-space containing C},\ {0}: In fact, let p,, — p,
pn € N. If ¢,, denotes the point of 9C' closest to p,,, then ¢, — p. Denote by v,, the
initial tangent vector of the minimal normal geodesic from g, to p,. By Proposition
3.1.1, Cy, \ {0} is the open half-space {u € M,, | £(u,v,) < w/2} determined by
Un. {vn} may be assumed to converge to some unit vector v € M), and it follows
that the open half-space determined by v contains C), \ {0}.
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3.2 The soul construction

So far, we have made no assumption on the curvature of M. From now on, M will
denote a complete, noncompact (open for short) manifold with sectional curvature
K > 0. We outline in this section the construction of a compact, totally convex
submanifold S without boundary of M, which will be called a soul of M, following
[37]. By the results of the previous section, S is totally geodesic, and in particular,
also has nonnegative curvature.

We begin by recalling special cases of three classical theorems (for a proof, see
[35], [67], or [104]) tailored to our situation. The second one, commonly referred
to as the second Rauch comparison theorem, is actually due to Berger.

Theorem 3.2.1 (Rauch I). Let p € M, and consider a geodesic bi-angle ¢; : [0,1] —
M, i=1,2, at p with angle o If the length of ¢; is less than the injectivity radius at
p, then the distance between ¢1(1) and c2(1) is no larger than the distance between
the endpoints of the bi-angle with same lengths and angle in R?.

«a
<L
l L

Theorem 3.2.2 (Rauch II). Let ¢ : [0,a] — M be a normal geodesic, X a parallel
vector field along ¢, and denote by v : [0,a] — M the curve given by v(t) =
expey) X (t). If none of the geodesics s — exp sX (t) has focal points in (0,1), then
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the length L(vy) of v is no larger than a. Furthermore, if it equals a, then the
“rectangle”

V :10,a] x [0,1] — M,
(t,8) > exp.(y sX (¢)

1s flat and totally geodesic.

Theorem 3.2.3 (Toponogov). Let ¢; denote the sides of a geodesic triangle in M
with angle «; at the vertex opposite c;, i = 0,1,2. Suppose that the geodesics ¢y
and co are minimal, with L(c1) + L(ca) > L(co). Then there exists a triangle in
R? with sides ¢; and angles &;, such that L(c;) = L(¢;) for all i, and o; > &, for
i=1,2.

Recall that a ray in a noncompact Riemannian manifold M is a geodesic
c¢: [0,00) — M such that d(c(0),c(t)) =t for all t > 0. When M is complete, there
exists at least one ray emanating from any point p of M: To see this, consider
a sequence ¢, of points in M with d(p,q,) — oo. By completeness, there is a
minimal normal geodesic ¢, from p to g,. The sequence ¢,(0) in the unit sphere
of M, must subconverge to some v. The geodesic t — tv is then a ray, because the
function

s:{veM,||v]=1} - Rt U{cc},
v — sup{t > 0 | d(p, exp(tv)) = t}

is continuous, so that s(¢,(0)) subconverges to s(v).
Now fix a point p in M, a ray ¢ emanating from p, and define

B = | Bilc(t)).
t>0

Notice that this is an expanding union, since By, (¢(t1)) C By, (c(t2)) for t1 < to
by the triangle inequality. The fundamental ingredient in the soul construction is
given by the following:

Theorem 3.2.4. M \ B, is a closed totally convez set.

Proof. M \ B, is clearly closed. If it is not totally convex, then there exists a
geodesic v : [0,1] — M with end points in the complement of B., but v(s) € B,
for some s € (0,1). It follows that v(s) € By,(c(to)) for some ty > 0; set € :=
to —d(v(s),c(to)) > 0. Then

d(v(s),c(t)) <t—eforall t > tg. (3.2.1)
Next, fix some t such that

t > max{to, L(v), L*(7)/¢}, (3.2.2)
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c(t)

B.
c1
C2
.
/’Y(;O) \’\
\
‘\
\
Y
7(0)
M\ Be

and consider a point y(sg) on 7 that is closest to ¢(t). Denote by co := v)(0,s,] the
restriction of v to [0, so], and by ¢1, ¢2 minimal geodesics from ¢(t) to v(so), 7(0),
respectively. Since ¢(0) ¢ Bi(c(t)), L(cg) > t, so that L(e1) + L(cg) >t > L(y) >
L(cp), and there exists, by Theorem 3.2.3, a comparison triangle in Euclidean
space with @y < ap = /2 (the last equality holds because cy(sg) is the point on
7y closest to ¢(t) and sp € (0,1)). On the other hand, (3.2.1) implies

L(c1) < L(cz) — €,
so that by the law of cosines in Euclidean space,

L?(co) + L*(c1) — L(c2)

Cos (vg =

2L(CO)L(C]_)
_ L(Cl) + L(CQ) ' L(Cl) — L(CQ) L(Co)
2L(Cl) L(Co) 2L(Cl)
1 L(c1) + L(ea)
< 3L(e) (Lleo) — e L(co) )
1 et
< _

e M0 D) <

since by (3.2.2), L?(co) < L?(7y) < et. This contradicts ag < 7/2. O



116 Chapter 3. Open Manifolds of Nonnegative Curvature

Even though M \ B, is not, in general, compact, it is now easy to construct
a compact totally convex set:

Proposition 3.2.1. For any p € M, there exists a compact totally convex set Cy
with p € 0Cy.

Proof. Define

Co = (1{M\BC | cis aray,c(0) =p}.

Cy is clearly closed, totally convex, and p belongs to its boundary. It remains to
establish compactness. If Cj is not compact, then there exists a sequence of points
pn € Cy with d(p,p,) — oo. Letting ¢, denote the minimal normal geodesic in
Cp joining p to py, it follows that there exists a subsequence of ¢, (0) converging

to some unit vector v € M,. By construction, the geodesic ¢ — exp(tv) is a ray
contained in Cy, contradicting the definition of that set. 0

Remark 3.2.1. For any given ray ¢ emanating from p, and ¢ > 0, let ¢; denote the
ray given by ¢ (s) := c(s + t). If we define

Cy = ﬂ{M\Bct | cis aray ,c(0) = p},

then the same argument as above shows that C; is a compact totally convex set,
and M equals the expanding union U;>¢Cy. It is, furthermore, not difficult to see
that if t2 Z tl, then

Ch = {q € Ct2 | d(Q7aCt2) > to — t1}~
Our next aim is to gradually contract the set Cy from Proposition 3.2.1
without losing total convexity. This can be achieved with the following:
Theorem 3.2.5. Let C be a closed totally convex set with boundary in M. Then
the distance function
f:C—R,

q— d(q,00)
to the boundary is concave. Furthermore, suppose that for a normal geodesic ¢ in
C, the restriction of f oc is a constant d on some interval [a,b], and consider the
parallel vector field X along ¢, where t — exptX(a) denotes any minimal normal
geodesic from c(a) to C. Then for any s € [a,b], t — exptX(s) is a minimal
geodesic of length d from c(s) to OC, and the rectangle

V:a,b] x [0,d] — C,
(57 t) = €XPe(s) tX(S)

is flat and totally geodesic.
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Proof. Let ¢ : [a,3] — C be a normal geodesic. In order to establish concavity
of foc, it suffices to show that for any sg € («, ), f o ¢ is bounded above on
a neighborhood of sy by the linear function s — (f o ¢)(sg) — (cos@)(s — so),
where ¢ denotes the angle between ¢ and the minimal normal geodesic c,, from
¢(sp) to OC. We actually only need to do this for s > sg, since the case s < s
follows by considering f o ¢, where ¢ denotes ¢ with the reverse parametrization
é(s) = cla+B—s). Soset d:= (foc)(so), and suppose first that ¢ = 7/2. Denote
by X the parallel field along ¢, with X (0) = ¢(sg), and consider the rectangle

V : [0, 8] x [0,d] — M,
(s,t) — expcso(t)(s — 50) X (t).

By Theorem 3.2.2, for s close enough to sp, each curve t — V(s,t) has length
< d, and connects ¢(s) to a point that does not belong to the interior of C, by
Proposition 3.1.1. The claim then clearly follows, as does the second statement of
the theorem (by the rigidity part of Rauch IT). Next, consider the case ¢ > 7/2.
Denote by v the unit vector that is the convex combination of ¢,,(0) and ¢(sg)
which is orthogonal to ¢4, (0). Just as above, it follows that for small ¢,

d(exptv,0C) < d. (3.2.3)

On the other hand, by Theorem 3.2.1 and the law of cosines in the plane,
d*(exptv,c(s)) <2+ (s — s9)? — 2t(s — s0) cos (qb - g)

for small ¢, and s close enough to sg. In particular, letting t = (s—sg) cos(¢p—7/2),
we obtain

d(exptv,c(s)) < (s — sp) sin ((;5 — g) = —cosP(s — sp). (3.2.4)

(3.2.3) and (3.2.4), together with the triangle inequality, then establish the claim.
Finally, suppose ¢ < 7/2, and denote by a, the minimal normal geodesic from cs,
to ¢(s), with as(0) = ¢s,(ts). Then, as before,

d(c(s),00) < d —t,, (3.2.5)

and
02 (Con (Es), c(5)) < 12+ (5 — 50)% — 2155 — 50) o8 6.

On the other hand, as(0) L és,(ts) because as is minimal, so that
(5 = 50)* < d?(csy (ts), c(5)) + 2.

Together, these two inequalities imply that 2t,(s — sg) cos¢ < 2t2, or t, > (s —
S0) cos ¢. Substituting this in (3.2.5) once again establishes the claim. O
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—_ ] T~ oc
.
¢
v
(s0) .

Figure 3.1: The case ¢ > 7/2

—_— B T~ iC

\_/c(so)

Figure 3.2: The case ¢ < /2

For a closed totally convex set Cy with boundary, and « > 0, define

C5 ={a€Cold(q,0Co) > a},  C1=[HC§ |Cg #0}.
Theorem 3.2.5 then immediately implies:
Corollary 3.2.1. C§ and C; are totally convez, and dim Cy < dim Cy.

Now choose a point p in M, and consider the compact totally convex set Cy
with boundary from Proposition 3.2.1. If C1 has nonempty boundary, repeat the
above procedure finitely many times to conclude:

Theorem 3.2.6. M contains a compact, totally geodesic submanifold S without
boundary.

In fact, S is totally convex. A submanifold S obtained by this construction
is called a soul of M.



3.2. The soul construction 119

Examples 3.2.1. (i) If M = R™ with the standard flat metric, then the set Cy from
Proposition 3.2.1 constructed at some point p consists precisely of p, since every
geodesic from p is a ray. Thus, any point of R" is a soul.

(i) Let M = {(x,y,2) € R3 | 2 = 22 + y?} together with the metric of
positive curvature induced from R2. Given 0 # a € R?, there is exactly one ray
in M emanating from p = (a, |a?) € M, namely the one whose image consists of
the upward branch of the meridian through p. It follows that Cp consists of those
points of M at height < |a|?, and the (unique) soul C; consists of the vertex of
the paraboloid.

(iii) Let M = S x R with the product metric. Given p = (z,t9) € M, there
are two rays emanating from p, namely ¢ — (z,to 4+ t), and t — (2,ty — t). This
implies that Cy = S* x {to} is a soul of M for any ¢, € R.

(iv) Let M = G/H be an n-dimensional Riemannian homogeneous space of
nonnegative curvature, p := eH. By Example 2.7.1, the tangent bundle TM of
M is canonically identified with G x g My, and there exists a unique metric of
nonnegative curvature on T'M for which the projection p : G x M,, — TM =
G xg M), becomes a Riemannian submersion. Given g € G, and a unit u € M),
the geodesic t — (g,tu) in G x M, is p-horizontal, and therefore projects to a
geodesic ¢g,, in TM with ¢4,(0) L p(G x {0}). We will identify the zero section
p(G x {0}) = G x g {0} of the bundle G x g M, — G x g {0} with M, so that p =
p(e,0). Now, the distance between ¢4 ,,(0) and ¢4, (t) equals the distance between
their pre-images; i.e., between the sets gH x {0} and {(gh~!,th,u) | h € H} in
G x M,,. Since the latter is clearly ¢, ¢4, is a ray in T'M. But every normal geodesic
orthogonal to M is of this form, so that every such geodesic is a ray. Now perform
the soul construction at p. We claim that the soul is then M, and coincides with
Cp, the first totally convex set from Proposition 3.2.1. To see this, consider any
g ¢ M, and a minimal geodesic v : [0,a] — TM from q to p. By assumption,
there exists a unit vector u L M, that makes an angle < 7/2 with —¥(a). Since
the geodesic t — ¢, (t) := exptu is a ray, ¢ € B.,, and therefore ¢ ¢ Cy. Thus,
Cp C M. Conversely, suppose g € M. Notice that M is totally geodesic in TM (if
~ is a horizontal geodesic for the submersion G — G/H, then (v, 0) is a horizontal
geodesic for p and thus projects to a geodesic in M). So consider a geodesic ¢ from
p to ¢. Since ¢(R) is contained in the compact set M, it is contained in one of
the totally convex sets C; that provide the expanding filtration of M described
in Remark 3.2.1. Then the function s — d(c(s), dC}) is concave, bounded below
by 0, and defined on all of R, so that it must be constant equal to d(p, 9C;). But
p € 9Cy, and thus, d(q,0C;) = d(p,0C) = t; i.e., ¢ € Cy. Summarizing, we have
that M = Cjy, and since M has empty boundary, it must be a soul, as claimed.

Notice that in the above examples, we have Riemannian submersions onto
the soul. We will later see that this is true in general.

(v) Let ¢ be a ray in M. For fixed p € M, the function ¢ — d(p, c(t)) —t is
bounded in absolute value, since

|d(p, c(t)) — t] = |d(p, c(t)) — d(c(0), c(t))| < d(p, c(0))-
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For t > 0, define a function b on M by b:(q) := d(q,c(t)) — ¢t. It follows again
from the triangle inequality that if s < ¢, then bs(q) > bi(q). Furthermore, b; is
distance-decreasing in the sense that

bt (p) — be(q)| = |d(p, c(t)) — d(q,c(t))| <d(p,q),  p,q € M.

In particular, the family of functions {b;}+>¢ is equicontinuous and converges to a
continuous function b., where

be(p) = lim d(p,c(t)) —t,  pe M,

which satisfies |b.(p) —b.(¢)| < d(p, q)| for any p, ¢ € M. b, is called the Busemann
function of c. The level sets b 1(t), t > 0, are called horospheres, and the sets
b t(—o00,t) horoballs . They can be thought of as spheres and balls centered at
infinity: in fact, the closed half-space M \ B, from Theorem 3.2.4 is just b, 1[0, 00).
Notice that Theorem 3.2.5 implies that Busemann functions are concave when the
ambient space is nonnegatively curved.

3.3 The topological structure of M

Let S denote a soul of M, and v(S) ={u € M, | p € S,u L S,} the total space
of the normal bundle of S in M. The aim of this section is to show that M is
diffeomorphic to v(S). It should be noted, however, that this identification is not
canonical; in particular, the exponential map v(S) — M of the normal bundle is
not, in general, a diffeomorphism. Instead, we use a generalized notion of regular
points of the distance function that dates back to Grove and Shiohama [66].

Let p : M — R denote the distance function from S. By compactness of
S, there exists € > 0 such that the exponential map, when restricted to the disk
bundle v¢(S) of vectors of length < ¢, is a diffeomorphism onto B(S). Thus, on
B.(S)\ S, p has no critical points, and its gradient Vp is a vector field of unit
length. We begin by generalizing the concept of a regular point of p:

Definition 3.3.1. ¢ € M\ S is said to be a regular point of p if there exists v € M,
such that for any minimal geodesic ¢ from ¢ to .5,

£(v,&(0)) >

|

Such a vector v is called a gradient-like vector.

Clearly, a regular point in the usual sense is also regular in the sense of
Definition 3.3.1.

Lemma 3.3.1. Any g € M \ S is a regular point of p.
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Proof. By hypothesis, ¢ belongs to the boundary of some totally convex set C' that
contains S. By the discussion following Proposition 3.1.1, C; \ {0} is contained in
an open half-space {v € My | £(v,u) < 7/2} for some 0 # u € My. —u is then a
gradient-like vector. O

Theorem 3.3.1. M is diffeomorphic to the normal bundle v(S) of S in M.

Proof. For each p € M\ B, /3(S), choose a gradient-like vector v? as in the lemma,
and extend it locally to a vector field XP. XP? is still gradient-like on a neighborhood
U, of p, which we assume to be contained inside the ball of radius €/4 around p.
Let {U;}i>1 be a locally finite subcover, with U; = Up,, and set Uy = B(S).
If {¢;} is a partition of unity subordinate to {U;}i>o, define vector fields X; on
M\ S by

Xi(p) = {gbi(p)X’” (p), 2 ; g

for ¢ > 1, and

#o(p)Vp(p), p € Uy,
0, p ¢ Up.

Then X := (>, X;)/| >, Xi| is a smooth gradient-like vector field on M \ S that
equals Vp when restricted to B./4(S5). In particular, p is strictly increasing along
any integral curve of X. Furthermore, if -y, denotes the maximal integral curve of
X with 7,(0) = p € M\ S, there exists T' € R such that v,(T") € 0B./4(S): this is
clear for p € B, /4(S), since X = Vp on this set. For p & B,/4(5), let y(t) = v,(—1).
If v does not reach 9B, /4(S) in finite time, then + is defined on [0,00) (having
image inside a compact set). But then a subsequence ; := |[; ;+1) would converge
to an integral curve of X along which p is constant, which is impossible. Thus,
there exists a differentiable function T': M \ S — R defined by the condition

Xo(p) = {

(T (p)) € OBca(S).

Next, let ¢ : [0,00) — [0,€) be a smooth function with positive derivative, that
equals the identity when restricted to [0, €/4]. If ® denotes the maximal flow of X,
D(t,p) = vp(t), define

F: M — B.(S),
P pES,
P ow(s —Tw) +Tw) - £.p9), péS.

Notice that for p € B/4(S), 0 < T(p) < €/4, so that 0 < (¢/4) — T'(p) < €/4, and
F(p) = p. Thus, F is differentiable, and is in fact a diffeomorphism. Since v(S) in
turn is diffeomorphic to B.(S), this completes the proof. O
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3.4 The Sharafutdinov retraction

Our next project is the construction of a continuous, distance non-increasing map
m: M — S onto a soul of M; ie., d(n(p),n(q)) < d(p,q) for p, ¢ € M. In fact,
a stronger result will be established, namely: There exists a strong deformation
retraction H : M x [0,1] — M onto S such that the map p — H(p,t) is distance
non-increasing for every t € [0,1]. 7 is then the map corresponding to ¢ = 1.
The construction of such a map is due to Sharafutdinov [115]. Here we follow
an alternative approach by Schroeder and Ziller, cf. [144], [145]. Although the
argument in itself doesn’t preclude the existence of other distance non-increasing
retractions onto a soul, we will see in the next section that such a map is unique.

A key ingredient in the proof is the following;:

Lemma 3.4.1 ([30], 6.3.5). Let ¢ be a normal geodesic in a Riemannian manifold
with sectional curvature K < k, and J a Jacobi field orthogonal to ¢. Denote by
¢k a normal geodesic in the simply connected two-dimensional space of constant
curvature k, and by J, the Jacobi field orthogonal to ¢, with the same initial
conditions as J: |J|(0) = [J|(0), |J'(0) = |J|'(0). If J # 0 on [0,a), then
|J| > |J.| on [0,a).

Corollary 3.4.1. Let~: [0,{] — M be a normal geodesic in a Riemannian manifold
M with curvature bounded above by k > 0, and X a vector field along v orthogonal
to 4 which is contained in the domain of exp|,j0y. Given a smooth surjective
function ¢ : [0,1] — [0,1], define a curve c: [0,1] — M by

c(t) = exP 001y (X 0 D)(2).
If | X| <e<n/(2y/K), then L(c) > cos(ey/k) - L(7).
Proof. The result will follow once we establish that
1¢](t) > |70 l(t) cos(ev/m),  te[0,1], (3.4.1)

since L(c) = fol l¢], and L(v) < fol |fm| by surjectivity of ¢:

/01 o9l = /01 |9 (0 O)l = /01 6| > 1= L(v).

So set X := X/|X|, and consider the variation V : [0,1] x [0,1] — M given by

V(t, S) = eXp(,ym)(t) S(X() o ¢)(t)

For any fixed tg € [0, 1], the curve ¢, where ¢, (s) = V (to,s), is a geodesic, and
the vector field J along ¢, where J(s) = V.. D1 (%o, s), is Jacobi. By definition,

J(0) =7 0 B(to) L é (0) = (Xo 0 6)(to)- (3.4.2)
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Furthermore,
(J, ¢45)'(0) = (Vp, VaD1, ViD2)(to,0) = (Vp, VaDa, Vi D2)(to,0)
1
=51 Xoo ¢ (to) = 0.

¢(to)

J(|X 0 ¢|(to))

Together with (3.4.2), this implies
J Ly, (3.4.3)
Now, ¢(t) = V(t,|X o ¢|(t)), so that
¢(to) = VaD1(to, |X 0 ¢|(to)) + |X 0 ¢|'(to) Vi D2(to, | X © ¢|(t0))
= J(IX o ¢l(t0)) + | X 0 ¢|'(to)ér, (1X 0 ¢|(t0)),

and by (3.4.3),
[€[(to) = [J[(|X o ¢l(to))- (3.4.4)

On the other hand,
(J,J)(0) = (Vp,ViD1, ViD1)(to,0) = (Vp, ViDa, Vo D1)(to,0)
= D1(ViDa,ViD1)(to,0) — (ViDa, Vp, Vi D1)(to,0)

— —

= (Xo0p,700) (to) — (X009, Vpyog)(to).
The first term vanishes because Xy L 7. So does the second one, since
Vpyodp=Vpd'(yod)=4¢"(70¢) L Xgo¢.

Thus, |J|'(0) = 0, and by Lemma 3.4.1, [J|(t) > |J|(0) cos(ty/k). Together with
(3.4.2) and (3.4.4), this yields

[¢](to) = 171(0) cos(|X 0 ¢|(to) - Vi) = |T|(0) cos(ev/k)
= 770 6l (to) cos(e ),
which proves (3.4.1). O
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Theorem 3.4.1. Let M be an open manifold of nonnegative curvature with soul S.
There ezists a strong deformation retraction H : M x [0,1] — M onto S, such
that if 1. : M — M x [0, 1] is the imbedding 1 (p) = (p,t), then H o is distance
non-increasing for each t € [0,1].

Proof. Recall from Section 3.2 that there exists a family of compact totally convex
sets such that M = U;>oC", C'=:CyDCyD---DCy =S, where C;;; denotes
the set of points at maximal distance from the boundary of C;. Let C be a compact
totally convex set with boundary, and for & > 0, C* = {p € C | d(p,0C) > a}.
Set ag = sup{d(p,0C) | p € C}. It suffices to show that for 0 < a < 8 < «ay, there
exists a strong deformation retraction H? : C% x [0,1] — C® onto C® such that
HP o4, is distance non-increasing for each t.

We begin by assuming that 5 < ag. Since C' is compact, there exists €y such
that for p € C and 0 < r < ¢,

Property 1: B, (p) is the strictly convex diffeomorphic image of the Euclidean ball
of radius 7 about 0 € M), under exp,,.

Property 2: If ¢ : [0,]] — B,(p) is a nonconstant geodesic, 7 : [0,1] — B,(p) the
minimal geodesic from p to ¢(0), and £(¢(0),4(1)) < 7/2, then ¢ — d(p, c(t))
is strictly increasing along [0, [].

We will assume that ¢g < 7/(2v/k), where & is an upper bound for the sectional
curvatures of planes in TC'. Set € := ¢y/3. By uniform continuity of the function
(t,p) — d(p,C") on the compact set [0, ] x C, there exists § > 0 such that for
p € CHdp,C%) < eif 0 < s—t < §. We may assume that 3 — a < 4§, since
[e, B] can be divided into subintervals [t;_1,¢;] of length < §, and the deformation
retraction H2 may then be constructed by composing the successive retractions
Htt;'fl. Next, observe that there is a well-defined projection

h:C%— CP, where d(p, h(p)) = d(p, C*).

In fact, if there exist two points qi, g2 € CP such that d(p,q1) = d(p,q2) =
d(p,C?), then the minimal geodesic c : [0,1] — C? from ¢; to go is contained in
B, (p). If v : [0,1] — C* is the minimal geodesic from p to g1, then £(¢(0),4(1)) <
7/2 (because c¢(0) € C? is a point closest to p), and by Property 2, t — d(p, c(t))
is strictly increasing, contradicting the fact that this function takes on the same
value at 0 and 1.

So consider points p, ¢ € C* at distance less than € apart. Then d(p, h(p))
and d(q, h(q)) are less than €, and g, h(p), and h(q) are all contained in the strictly
convex ball B, (p). Denote by ¢ : [0,a] — C?, v : [0,1] — C” the minimal normal
geodesics from p to ¢ and from h(p) to h(q) respectively. There is a well-defined con-
tinuous metric projection 7 : ¢[0, a] — [0, ], where d(c(t), w(c(t)) = d(c(t), [0, ]).
7 is surjective, since 7(c(0)) = ~(0), w(c(a)) = (1), and 7 o ¢ is defined on a
connected interval. Let ¢y (respectively ¢1) denote the supremum (respectively in-
fimum) of those ¢ € [0,] such that (7w o ¢)(t) = v(0) (respectively v(I)). Then the
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restriction 7 : c[to, t1] — 7[0,!] is also surjective, and

c(t) = exP(yop) (1) (X 0 9)(t),

for some X 1 4 with | X| < 2¢ < €g, where ¢ is defined by the equation yo¢ = woc.
Since €y < 7/(2v/K), Corollary 3.4.1 implies

AN(p).1(0)) < o= (p.). (3.45)

(3.4.5) actually holds for any p, ¢ € C®, since if d(p,q) > ¢, then v can be

subdivided into geodesic segments 7|i;,_, +,1, 1 < i < k, of length less than ¢, and
the above argument may be applied to each segment, so that

k
AP, H(@) < DA t-1), M (6) < T 3 dla(t-).7(6)

1
- cos(2e/k) dp,q).

Thus, h : C* — CP is a Lipschitz map with constant (cos k) !, where kg := 2¢\/k.
Set fo := h, and define f; to be the composition of the projections C* —
cotB=a)/2 gnd Ccot+B=2)/2 _, OB, Each projection is Lipschitz with constant
(cos(ko/2))~!, so that f; has Lipschitz constant (cos(ko/2))~2. One obtains in-
ductively a sequence f; : C* — CP of equicontinuous maps with constants
(cos(27%kg)) 2. Since C is compact, we may, by the Ascoli theorem, assume that
fi converges to a continuous map f : C* — CF, which is distance non-increasing
since (cos(27%kg)) 2" — 1. Furthermore, each f; may be expressed as a compo-
sition f; = f} o f2, where f? : C% — Co+(B=)/2 and f} . cotB-a)/2  CF
are Lipschitz maps constructed as above. Since f; — f, subsequences of f! and
f? converge to distance non-increasing maps f! and f2, with f = f2o f!. By an
induction argument, f can be expressed for any integer m as a composition

f:f2m0f2m_10~--of1

of distance non-increasing maps f* : Ct-t — C%, where a = tg < t; < -+ <
tom = [ is a partition of [, 5] into 2™ intervals of length (8 — a)/2™. It now
follows by a continuity argument that for any to € (0,1), f = fL o f2, where
f2 0 C* — gottolB=e) and fl . CottolB=a) — OF are distance non-increasing.
Then HY : C* x [0,1] — C®, where HZ(p,t) = f2(p) if t < 1 and f(p) if t = 1,
satisfies the requirements of the theorem.

It remains to consider the case § = «aq. If §; — «aq is an increasing sequence,
define H” to equal the composition of Hgi’l with a distance non-increasing strong
deformation retraction H 52;1 of CPi=1 onto CP , adequately parametrized. We then
obtain a homotopy H : C® x [0,1) — C* which can be extended to C* x [0,1] by
the Ascoli theorem. O



126 Chapter 3. Open Manifolds of Nonnegative Curvature

3.5 The metric projection onto the soul

A distance non-increasing retraction m : M — S onto the soul S, such as the one
constructed in the last section, need a priori not be unique or even differentiable.
We now show that in fact any such map 7 is a C*° Riemannian submersion, and
is uniquely determined as the metric projection onto the soul, in the sense that

the diagram
€xp,

v(S) M

N

S

commutes, where 7, : v(S) — S is the normal bundle projection. Notice that
commutativity of the diagram implies that for p € M, 7(p) is the point of S that
is closest to p, so that 7 is indeed the metric projection. The uniqueness part is
implicit in the following theorem, due to Perelman [103]:

Theorem 3.5.1. If 7 : M — S is a distance non-increasing retraction, then m o
exp, = my. Furthermore, if c : R — S is a geodesic in S, and X a parallel field
along ¢ with X(0) € v(S), then the rectangle V : R x [0,00) — M, V(t,s) =
exp.y sX (t), is flat and totally geodesic.

Proof. For t > 0, let v'(S) = {v € v(S) | |[v] = t} denote the total space of the
sphere bundle of radius ¢ over S, and define f : [0,00) — R by

f(t) := max{d(r o exp, (v), 7, (v)) | v € V' (S)}.

For brevity, we drop the subscript v in exp,, and denote 7 o exp by F. Then
f(0) = 0, and the first statement will follow once we establish that f is weakly
decreasing. The second one is a consequence of the first: Given 1,5 € R such
that the restriction of ¢ to [t1,t2] is minimal and sy > 0, define ¢s, : [t1,t2] — M
by ¢s50(t) = expe(s) s0X (t). If so is small enough that none of the geodesics s —
expe(y) X (t) has a focal point in (0, so), then by the second Rauch comparison
theorem, L(cs,) < L(c)jt,,t,])- But since 7 is distance non-increasing,

L€ty 15]) = dle(tr), c(t2)) < d(eso (1), €5 (t2)) < Llcs,)-

The rigidity part of Theorem 3.2.2 then implies that the rectangle is flat and totally
geodesic up to distance sg, and in fact up to any distance: consider the set of all
so > 0 for which the rectangle V' : [t1, %] x [0, s0] — M, V(t,5) = exp, sX (), is
flat and totally geodesic. It is clearly closed, and by the above argument it is also
open. Being nonempty, it equals [0, c0). Finally, since the domain of ¢ is a union
on intervals on which ¢ is minimal, the interval [¢1, 3] may be replaced by R.

To see that f is decreasing, choose t € (0,injg), and v € v*(S) with f(t) =
d(F(v),m,(v)). By assumption, the geodesic in S from F(v) to p := m,(v) mini-
mizes past p to some point ¢. Let w denote the parallel translate of v along this



3.5. The metric projection onto the soul 127

geodesic to q.

w
v
q
F(v) F(w)
By Rauch IT and the fact that m decreases distances,
d(F(v), F(w)) < d(expv,expw) < d(p,q). (3.5.1)
Since f(t) = d(F(v),p),
d(F(w),q) < F(t). (3.5.2)

On the other hand,

d(F'(v),q) = d(F(v),p) + d(p,q) = f(t) + d(p, q). (3.5.3)
Apply the triangle inequality to F(v), F(w), ¢ to conclude that equality holds
in (3.5.1) and (3.5.2). By the rigidity part of Rauch II, p, ¢, expv, and expw
determine a flat totally geodesic rectangle.
Next, consider € € (0,¢), and let we := (1 — (¢/t))w, so that |we| =t — e.
Then

d*(expv,expw,) < d*(expv,expw) + € = d*(p, q)(1 + (¢?/d*(p, q))),

so that

€2

+ e

2d*(p, q)
for small €, by Taylor’s theorem. Since d(F(we),q) < f(t —¢), (3.5.3) and (3.5.4)
imply

d(F(v), F(we)) < d(expv,expwe) < d(p,q) (3.5.4)

€2

f(t =€) =d(g, F(v)) = d(F(v), F(we)) = f(t) = 55—

2d%(p,q)’
exp v expw
Ie
exp W,
F(v) ) q
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In particular,
s 1) = ()

<0
h—0t h

and f is weakly decreasing, as claimed. More generally, the above argument shows
that the set {¢ > 0| f(s) =0 on [0,¢]} is open, so that f is identically zero. O

Gromoll and Meyer [58] proved that an open manifold of positive curvature
is diffeomorphic to R™. Cheeger and Gromoll [37] conjectured this should still be
true under the weaker assumption that the curvature is positive at one point.
Perelman’s theorem yields an immediate proof of this conjecture:

Corollary 3.5.1. Let M be an open manifold with nonnegative sectional curvature.
If the sectional curvatures at some p € M are positive, then M is diffeomorphic
to Fuclidean space.

Proof. We show the contrapositive statement: If M is not diffeomorphic to Eu-
clidean space (i.e., if a soul S of M does not consist of one point), then S is positive-
dimensional, and for any p in M there exist a plane P C M, with K(P) = 0. In
fact, if ¢ = 7(p), and ¢ : [0,1] — M is a minimal geodesic from ¢ to p, then
the plane spanned by ¢(1) and the parallel translate along ¢ of any € S; has
vanishing curvature by Theorem 3.5.1. g

Next, we tackle the matter of smoothness of 7. Observe that since moexp, =
m,, ™ is C°° wherever exp, is locally 1-1; i.e., Perelman’s result implies that = is
smooth almost everywhere. Similarly, if » > 0 is small enough that exp, : v(S) —
B,(8) is a diffeomorphism, then 7|z, (g) is a C°° Riemannian submersion. By the
proof of Theorem 3.5.1, any w-horizontal curve remains at constant distance from
S, and by the results from Section 1.8, there exists a partition of B,.(S) into dual
leaves. The latter are smooth by Section 1.8, and intrinsically complete once again
by the proof of Theorem 3.5.1.

Fix one such dual leaf L C B,(S), and consider a horizontal geodesic ¢ : R —
L. The argument used in the proof of Theorem 1.8.1 shows that the normal bundle
of L along c is spanned by parallel Jacobi fields, and in particular, must be flat.
Thus, if p € L and v € v(L) N M, then the parallel translate of v along ¢ stays
vertical; i.e., it belongs to the kernel of 7,. Denote by E the closure of the set
of vectors obtained by parallel translating v along piece-wise smooth horizontal
geodesics through p, and define f : [0,00) — R by

f(s) = max{d(m oy (s), 7 0 7u(0)) | u € E},

where ~,, denotes the geodesic with 4, (0) = u. An argument virtually identical to
that in Theorem 3.5.1 then implies that f = 0. Thus, 7(exp(tv)) = 7(p), and the
rigidity part of Rauch II now implies the following:

Lemma 3.5.1. Let L denote a dual leaf in B,(S), where B, (S) is the diffeomorphic
image via exp,, of the disk bundle of radius r in v(S). Consider a piece-wise smooth
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horizontal geodesic ¢ : [0,1] — L, p := ¢(0), ¢ := ¢(1), and let X be a parallel vector
field along ¢ with X(0) € v(L). Then

1. w(expsX(t)) =moc(t);
2. The rectangle V' : [0,1] x [0,00) — M, V(t,s) = exp,y sX(t), is flat and
totally geodesic.

3. If he : 7 Y(m(p)) — 7 1(n(q)) denotes the holonomy map obtained by hori-
zontal lifts of wo ¢, and ||. is parallel translation along c, then the diagram

w(L) —e (L

exp l ex:

)
mH(m(q))

3

L
A
3
3‘[

commutes.

The second statement in the lemma essentially says that if € M, is hori-
zontal, and v € M, is perpendicular to the holonomy orbit, then x and v generate
a totally geodesic flat. The statement actually holds for any metric foliation in a
manifold of nonnegative curvature, provided the dual leaves are complete, cf. [141].

A consequence of Perelman’s result is that the metric projection 7 onto a
soul is C1, since the derivative of 7 is isometric on the continuous horizontal
distribution and zero on the vertical one. Guijarro later showed that 7 is C? [68].
Full regularity was established in 2005:

Theorem 3.5.2 (Wilking). The metric projection m : M — S onto the soul is a
C> Riemannian submersion.

Proof. In order to show that 7 is smooth in a neighborhood of p € M, we first
prove that the restriction |z, of 7 to the dual leaf L containing p is smooth. So
consider a minimal geodesic from p to some dual leaf L1 C B,(S), where B,(5)
is the diffeomorphic image via exp of a neighborhood of the zero section in the
normal bundle of S. Then p = exp,, u for some p; € Ly and some u € vy, (L1).
Let X be the parallel section of v(L;) with X(p1) = w. By Lemma 3.5.1, L =
{exp X (z) | z € L1}, and the map

¢:L1— L,
z—exp X (z)

is smooth and surjective. Furthermore, if ¢ is a piece-wise smooth horizontal
geodesic in L; joining p; to some g, then

he : L0 Y (n(p1)) — Ly N Y(n(qr))
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is a diffeomorphism, and by Lemma 3.5.1 (3), the diagram

LinaY(x(p)) —<— Ly N (n(q))

s |o

LNnaY(n(p1)) — LNnaY(n(q1))
commutes. This implies that ¢ has constant rank: In fact, the kernel of ¢, is vertical
(because 7o ¢ = ), so the above diagram says that h.. maps the kernel of ¢.,,
isomorphically onto the kernel of ¢,4,. Thus, ¢ is a smooth submersion. Now,
T © ¢ = 7|1, so that locally there exist charts such that if ¢; : U C Ri+L — RE2
represents the smooth map 7z, in this coordinate system, then 1 factors as

U C RiH4 —> 0 x Ri

where p : R — 0 x R is projection, and v represents 7. But then 1) = 1)1 o1,
where 7 : 0 x R — R!* denotes inclusion, so that ¢, and hence also L, 18
smooth. To conclude the proof, let 7% : v(L) — L denote the bundle projection.
By Lemma 3.5.1 (1), moexp, ) = 7L ork, and since the right side of this identity
is smooth, o exp,, 1y is €. But exp, 1 is a diffeomorphism in a neighborhood
of 0 € v,(L), so that 7 is indeed smooth in a neighborhood of p. Finally, the fact
that 7 is Riemannian was established in Theorem 3.5.1. g

A different approach in attempting to prove the above theorem is adopted
in [33].

3.6 The metric structure of bundles with KX > 0

The work of Perelman and Wilking discussed in the last section suggests that
vector bundles which admit a metric with nonnegative sectional curvature have
a fairly rigid metric structure. The aim of this section is to explore this further.
We begin by introducing a note of caution, though: Vector bundles are classified
by equivalence classes, whereas existence of metrics with K > 0 depends only on
the diffeomorphism type of the total space. This can lead to surprising facts. For
example, there are nontrivial bundles over S™, discovered by Levine [84], with total
space diffeomorphic to S™ x R¥. Fix one such bundle ¢ with total space E, and a
diffeomorphism f : E — S™ x R*. Consider the standard product metric on the
image space, and pull it back via f to obtain a metric of nonnegative curvature on
E. Then FE has infinitely many souls (namely f~(S™ x {u}) for any u € R¥), but



3.6. The metric structure of bundles with K > 0 131

the zero section is not a soul, for if it were one, than & would be a trivial bundle,
see [41] for details. For this reason, we implicitly assume in what follows that a
given metric of nonnegative curvature on the total space of a vector bundle has
the zero section as soul.

Let M be an open manifold of nonnegative curvature with soul S, E the total
space of the normal bundle v(S) =7, : E — S of S in M. Given p € S, the
fiber 7, 1(p) over p will be denoted by E,. We begin with the relation between the
A-tensor of the submersion, the curvature tensor R” of the normal bundle, and
the curvature R of the metric on M.

Proposition 3.6.1 ( [118]). Let p € S, =, y € Sp, u € E,, and c the geodesic
c(t) = exp(tu). If X, Y denote the horizontal lifts of x, y along c, then

1. RY(z,y)u = R(x,y)u,
2. AxY oc is the Jacobi field J along ¢ with J(0) =0, J'(0) = —3R(z,y)u,
3. R(z,y)u = 2R(z,u)y.

Proof. The first identity follows from the fact that S is totally geodesic in M. For
the second identity, consider the connection H on v(S) induced by the Levi-Civita
connection of M. By Perelman’s theorem (Theorem 3.5.1), if U is a parallel section
of v along a curve, then the curve exp, U is horizontal in M. Thus, exp,, H =
'H o exp,, and in the same way, exp, preserves the vertical subspaces (notice also
that exp,, has maximal rank on the horizontal distribution). Given a vector field
X on S, denote its horizontal lifts to E and M by X and X, respectively. Then X
and X are exp,-related, and by definition of the curvature tensor of the normal
bundle, given u € E,,

Ju(RY(X,Y)u) = —[X,Y]¥(u), XY € %(9),

where J, denotes the canonical isomorphism between the vector space £, and its
tangent space at u, see, e.g., [136]. Applying exp, to both sides, we see that if ¢ is
a geodesic orthogonal to S, then

(245Y)oc(t) = [X, Y] o c(t) = exp,,.(—tTw(0) R” (X, Y)c(0)),

which proves the second identity. For the last identity, denote by 0, the gradient
of the distance function to S on a small enough neighborhood of S. By Perelman’s
result, if X is basic, then Vx0, = Vg, X = 0, so that

R(X,0,)Y = -V VxY.

If w is a unit vector in E, then the curve ¢t — c¢(t) = exp, (tu) is an integral curve
of 9,, and
R(Xoc¢,6)Y oc=—J', J:=(AxY)oc.

Evaluating this at ¢ = 0 and using (2) now proves (3). O
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The proposition also gives an easy proof of a result originally due to Strake [117]:

Corollary 3.6.1. If the normal bundle of a soul S of M is flat, then M splits locally
isometrically over S; i.e., M is locally isometric to S x P* with the product metric,
where P* denotes R* together with some metric of nonnegative curvature.

Proof. By Proposition 3.6.1, the submersion M — S is flat. The claim now follows
from Theorem 2.2.2. O

Example 3.6.1. When S is simply connected, then v(S) is trivial whenever it is
flat. The converse is not true in general: Consider S? x R? x R with the product
metric, where each factor has the standard metric. Then R acts freely by isometries
on this product via

(t’ (p7 u, to)) = (¢t(p)7 eitu7 i+ t0)7

with ¢; denoting rotation by angle ¢ in S? about some axis. The quotient manifold
M therefore has nonnegative curvature. It is diffeomorphic to S? x R2?, and has a
topological 2-sphere as soul. The normal bundle of the soul is trivial but not flat.
In fact, the fibers of M — S are not even totally geodesic, see [131]. Nonnegatively
curved metrics on S? x R? were classified in [61], and are all similar to the above
example: for such a metric g, there exists a metric gg on S?, a metric gf on R?, and
a (possibly trivial) isometric action of R on the Riemannian product (52, gg) x
(R?, g¢) such that (S? x R?, g) is isometric to ((52, go) x (R?, g¢) x R)/R endowed
with the submersion metric. As a consequence, if a complete nonnegatively curved
metric g on S? x R? is not given by a product metric, then there is an isometric
effective action of a two-torus on (S? x R?, g).

The metric rigidity that is apparent from the above results is nevertheless
relative: In a manifold with curvature bounded below by a positive constant, one
can deform the metric slightly in a compact set and still retain positive curvature.
In a manifold of nonnegative curvature (and in particular one where each point
has planes of zero curvature) on the other hand, deforming the metric usually
introduces some negative curvature. It is therefore noteworthy that on M = 53 x g1
R? with the metric from Examples and Remarks 1.8.1 (iii) for which the projection
p:S3xR? — M is Riemannian, altering the length of the vector field p. (0, 9g) by
a sufficiently small amount does not change the sign of the curvature, even though
the planes that contain the gradient of the distance function to the soul at any
point have vanishing curvature (here, dy is the standard polar coordinate vector
field on R?); for details, see [131].

Theorem 3.6.1 ([71]). If the total space of a vector bundle admits a metric of
nonnegative curvature, then so does the total space of its associated sphere bundle.

Proof. Tt suffices to show that if M is an open manifold of nonnegative curvature
with soul S, then for small enough r > 0, the set S, := {p € M | d(p,S) = r}
is nonnegatively curved in the induced metric. By the Gauss equations, this will
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follow once we establish that the second fundamental form [ of S, associated to
the inward-pointing unit normal vector field N is positive semi-definite. So choose
r small enough that

1. the exponential map of v(S) is a diffeomorphism onto B, (S) when restricted
to vectors of length less than r, and

2. metric balls of radius r centered at points in the soul are strongly convex (so
that, as mentioned in Section 3.1, their boundary has positive definite second
fundamental form).

The Riemannian submersion 7 : M — S restricts to S, — S. By Theorem 3.5.1,
N is parallel along any horizontal geodesic, so that I(z,-) = 0 for any € H. The
vertical space at p € S, coincides with the tangent space at p of S, N IB,(7w(p)).
Since B, (7(p)) is strongly convex, I(u,u) > 0 for any vertical nonzero u, and the
second fundamental form is positive semi-definite, as claimed. O

Cheeger and Gromoll asked in [37] whether there is a converse to the soul
theorem for spheres: does any vector bundle over a sphere admit a complete metric
with nonnegative curvature? At the time of writing, there are no known obstruc-
tions to such metrics, and in fact, it has been shown that any vector bundle over
a sphere of dimension less than or equal to five admits such a metric, cf. [67].
More generally, one can ask whether any vector bundle over a compact manifold
of nonnegative curvature admits a metric with K > 0. For example, Yang proved
that any rank two bundle over the connected sum of complex projective space with
itself (but with opposite orientation) admits such a metric [143]. The first coun-
terexamples were provided in [99]. The proof we give here is based on Theorem
3.6.1.

Theorem 3.6.2. Among the (infinitely many) rank two vector bundles over the
torus S' x S', only the trivial one admits a metric of nonnegative curvature.

Proof. If £ is a plane bundle over the torus whose total space admits a met-
ric of nonnegative sectional curvature, then the total space E! of the associated
unit sphere bundle also admits such a metric by Theorem 3.6.1. By a theorem
of Cheeger and Gromoll [37], the universal cover of E! splits as the product of
a compact simply-connected manifold with Euclidean space. Since E' fibers over
the torus with fiber S', the universal cover must be R3. Thus, the unit sphere
bundle and therefore also the original bundle is trivial. O

For further results along these lines, the reader is referred to [13], [14], and
[138]. Up to a finite cover, a soul S splits as S = C' x T, where T is a torus, C
is a simply-connected nonnegatively curved space, and the normal bundle splits
by a base-preserving diffeomorphism as £ x T', where ¢ is a vector bundle over
C with total space E({¢) having nonnegative curvature. In [14], the authors say
that a vector bundle virtually comes from C' if the pullback bundle under a map
idxp: CxT — CxT (where p: T — T is a finite cover) is {& x T'. A typical
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result is that if £ is a rank two vector bundle over C' x T whose total space admits
a metric with nonnegative curvature, then ¢ virtually comes from C'. This in turn
implies that many vector bundles don’t admit nonnegative curvature metrics.

Wilking, on the other hand, has generalized this to Ricci curvature, by show-
ing that any compact manifold with nonnegative Ricci curvature is finitely covered
by the product of a torus with a simply-connected space. This product is, in gen-
eral, topological rather than isometric. Consider for example the twisted product
M = 8? xzR, where the integer m € Z acts on S? by rotation of angle 2mam about
some axis and by translation by m on R. If « is irrational, then M is diffeomorphic
to 52 x S, but no cover of M is isometric to the Riemannian product S% x S*.

Returning to the original problem posed by Cheeger and Gromoll concerning
rank k bundles over n-spheres, it was shown in [72] that if one also imposes an
upper bound x > 0 for the curvature (of a ball of fixed radius centered at some
point of the soul), then there are only finitely many such bundles admitting metrics
with 0 < K < &, cf. also [121] for similar results involving a non-spherical base. It
turns out that the curvature along some vertical planes at each point of the soul
must increase as the bundle becomes more twisted.

A different approach to the problem is to try to construct connection met-
rics of nonnegative curvature on the total space E of the bundle, as was done
in Theorem 2.7.3 for the Ricci curvature. In [119], it is shown that a necessary
condition for nonnegative curvature is that the curvature tensor RV of the con-
nection satisfy a differential inequality. Specifically, endow the fiber R¥ with the
metric given in polar coordinates by dr? + G?(r)do?, where do? is the standard
metric on S¥~1 and G?(r) = €2r?/(e? + r?). If we define RV (u,v) : B, — B, by
(RY (u,v)x,y) := (RV(z,y)u,v), and denote by kp the non-normalized sectional
curvature of the base B, then RV must satisfy

(VoRY (z,y)u,v)? < |RY (u,v)z|? (kB(J:,y) — 262|Rv(x,y)u|2> , (3.6.1)

for u, v € Ep, z, y € By, p € B. Of course, the simplest way to guarantee this
inequality is to require that RY be parallel. This turns out to be fairly restrictive, at
least in some cases: If, for example, B is a symmetric space G/H, then F = G Xka
for some orthogonal representation p of H, cf. [69].

In [122], it is shown that the above inequality is almost sufficient: If the
bundle admits a connection such that

(VoRY (z,y)u,v)? < |RY (u,v)z|? - kp(z,y), (3.6.2)

then there exists a connection metric of nonnegative curvature on £E. We do not
know whether the inequality (3.6.1) is also sufficient. It applies for example to the
case where the base is flat (and says that the connection must then be parallel),
whereas (3.6.2) can only be used when the base is positively curved. It should
finally be noted that the metrics of nonnegative curvature constructed on rank
four bundles over S* in [67] are not connection metrics.



Chapter 4

Metric Foliations
in Space Forms

We have so far focused our attention mostly on the base space B of a Riemannian
submersion M — B, in particular when searching for new metrics of nonnegative
curvature on B. It is also interesting to look at the total space of the fibration. The
very fact that there exists a Riemannian submersion from M (or more generally,
that M admits a metric foliation) is a sign that the space possesses a fair amount
of symmetry. One therefore expects those Riemannian manifolds with the largest
amount of symmetry — namely, space forms — to be the ones that display the most
variety as far as these foliations are concerned. Surprisingly, a complete classifica-
tion of metric foliations on spaces of constant curvature is not yet available. There
does, however, exist a classification of metric fibrations, at least in nonnegative
curvature, which will be described in this chapter.

4.1 Isoparametric foliations

Recall from Section 1.4 that the mean curvature of a metric foliation on M is the
one-form k given by k(e) = tr Sen, e € T M. It essentially measures the infinites-
imal rate of change of the volume form of the leaves in horizontal directions. To
see this, assume the foliation is oriented (which is always the case, at least up to
a cover of M). Let w denote the form on M that is locally the metric dual of
Ui A--- AUy, where Uy, ..., Uy is a local oriented orthonormal basis of the vertical
distribution; i.e.,

w(E17...,Ek) :det(<Ui7Ej>), Ej € XM.

We denote by wV the restriction of w to the vertical distribution. With this nota-
tion, we have:
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Proposition 4.1.1 (Rummler [112]). The vertical restriction of the Lie derivative
of w in a horizontal direction X € XM satisfies

(Lxw)Y = —r(X)w".

Proof. If Uy, ...,Uy denotes an oriented local orthonormal frame, then
k
(Lxw)(Uy, ..., Up) = Xw(Uy,...,Up) = Y _w(Ur,...,[X,U]", ..., Us)
i=1
k
== w(U,..,[X,U]%,...,Us).
i=1

Furthermore, we may replace [X,U;]V by its projection onto U;, which equals
([X, U], Un)Us = —(Vu, X, Up)Us = (SxU;, U;) Uy,

so that
(EXw)(Ul, ey Uk) = —(tI‘SX)w(Ul, ceey Uk),

as claimed. O

Definition 4.1.1. A metric foliation is said to be isoparametric if its mean curvature
form is basic.

By definition, a 1-form & is basic if its metrically dual vector field is basic;
i.e., if k(X) is locally constant along leaves for basic X. In view of Proposition
4.1.1, this amounts to saying that the infinitesimal rate of change of the volume of
leaves in basic directions is independent from the point on the leaf at which it is
measured. For example, any homogeneous foliation is isoparametric. This follows
from Proposition 2.3.4, which actually asserts a stronger property, namely that
for basic X and left-invariant U, Sx U is left-invariant. The converse is not true in
general: If M is an open manifold of nonnegative curvature with soul S, and if the
metric projection M — S has totally geodesic fibers, then the resulting fibration
is isoparametric, but not homogeneous unless M splits locally isometrically as a
product over S (one way to see this is to notice that if M — S is homogeneous, then
by Proposition 2.3.4, AxY is left-invariant for basic X and Y, and in particular
has constant norm along geodesics emanating from the soul; it must then be
identically zero by Proposition 3.6.1. Now apply Theorem 2.2.2). A typical example
is TS™ = SO(n + 1) xgom) R" — S™. When the foliation is one-dimensional,
however, the converse is true under weak curvature restrictions, see also [134],
[55]:

Proposition 4.1.2. Any one-dimensional isoparametric Riemannian foliation F
with complete leaves on a manifold with curvature bounded below is locally homo-
geneous; i.e., F is locally generated by a Killing field.
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Proof. Since the mean curvature form k is basic, so is dk, and by Proposition
1.4.1, the function

divAxY = —%d,‘i(X, Y)

is then constant along leaves for basic X and Y. If T is a local unit vertical
field, this translates into (Vr Ax Y, T') being constant, since (VzAxY, Z) is always
zero for horizontal Z. Thus, if ¢ : R — M is a unit-speed curve parametrizing a
complete leaf, then (AxY oc,¢) is constant, and (AxY oc, ¢) is an affine function.
It must then be constant by O’Neill’s formula, if the curvature is bounded below.
Consequently, drk(X,Y) = 0, and & is closed, because

di(X,T) = Xk(T) - Tr(X) — k[X,T] = -Tkr(X)=0.

Thus, k = d¢ locally, for a function ¢ that is constant along leaves. Set L := e~%,
U := LT. Then U is Killing, since

(VxU,X)=L(VxT,X)=L{(VrX,X)=0,
and
(VxUT)+ (VrU,X) = XL{T,T) — (U, VrX) = XL+ Lr(X) =0. O

The relevance of isoparametric foliations for space forms is illustrated by the
following:

Theorem 4.1.1 ([63]). Any metric foliation of a space form of nonnegative curva-
ture is 1soparametric.

Proof. Let x be horizontal, and consider a Riemannian submersion that locally
defines the foliation in a neighborhood of the footpoint of x. We will prove a
stronger assertion, namely that if A is an eigenvalue of S,, then it is also an
eigenvalue (of equal multiplicity) of Sz, for any horizontal & with 7.2 = m.x.
Denote by 7 (resp. 4) the geodesic with initial tangent vector x (resp. ), and
consider the Jacobi field J along v with J(0) = u, J'(0) = —S,u = —Au, where u
denotes a unit A-eigenvector of S,. Notice that J = ¢F, where E is the parallel
field along v with F(0) = u, and ¢ is the solution of the O.D.E.

¢"+ep=0,  40)=1, ¢'(0)=-A

with ¢ denoting the curvature of the space. Assume for now that A # 0 if ¢ = 0.
Then J(I) = 0 for some | € R. But .J is by definition projectable, so that m..J
is Jacobi along 7 o 4 by Theorem 1.6.1. By Lemma 1.6.1, there exists a unique
Jacobi field J along 7 with 7..J = 7.J and J(I) = 0. In particular, J(0) must be
vertical (because J is), so that J'V(0) = —SzJ(0). This, together with the fact
that J(I) = 0 implies that J = ¢E for some parallel field E. It follows that J(0)
is a A-eigenvector of Sz. Let k& denote the multiplicity of A as an eigenvalue of S,.
Since for any Jacobi field Y along 7 o v that vanishes at 0 and [ there exists a
unique projectable Jacobi field J along « with J(0) in the A-eigenspace of S, [ is
a conjugate point of m o v of order < k. Conversely, if J is a projectable Jacobi
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field along v with J'(0) = —S,J(0) and J(0) # 0, then m,J is a nontrivial Jacobi
field that vanishes at 0 and ! (if w.J = 0, then J is vertical; i.e., J is a holonomy
field, and since J(I) = 0, J = 0). Thus, [ is a conjugate point of order k. Applying
Lemma 1.6.1 again, we see that the multiplicity of A as an eigenvalue of S; is also
k. This establishes the theorem in all cases except perhaps when ¢ = A = 0. But
then it must also be true in the latter case. 0

Corollary 4.1.1. A one-dimensional metric foliation of a space form of nonnegative
curvature is locally homogeneous.

Proof. This follows immediately from Theorem 4.1.1 and Proposition 4.1.2. Notice
that if the space is simply connected, then the Killing field is globally defined. [

Even though the above is not necessarily true in constant negative curvature
(see Examples and Remarks (i) below), a slightly more general result does hold,
cf. also [55]:

Theorem 4.1.2. A one-dimensional metric foliation of a hyperbolic space form is
either locally homogeneous or flat.

Proof. We first claim that in constant (not necessarily negative) curvature ¢, the
A-tensor vanishes everywhere as soon as it vanishes at any one point p. To see
this, it is enough to show that it is zero along any horizontal geodesic v emanating
from p, since for basic X, Y, AxY has constant norm along leaves by O’Neill’s
formula. An equivalent claim is that the totally geodesic hypersurface exp,(H,)
is horizontal everywhere, or alternatively, that any parallel vector field E along ~
with F(0) horizontal remains horizontal for all t. But if J is a holonomy Jacobi
field along v, then

(, E>H = <JH’E> = —(R(J,4)Y, E) = —c(J, E).

The claim now follows from the initial conditions, because (J, E)(0) = 0 by as-
sumption, and

(J,E)'(0) = (J), E)(0) = —((S5 + A})J, E)(0) = —(A3J, E)(0) = 0
if A, =0.
Resuming the proof of the theorem, assume that the foliation is not flat. By

the above claim, there exist at any point p basic vector fields X, Y with AxY #0
at p. Theorem 1.5.1 then implies that

RV(X,Y)X = —( }’(A)XY + ZSxAX}/,
so that if T" is a local unit field spanning the vertical distribution, then

0= (R(X,Y)X,T) = —((V%A)xY,T) + 2(Sx Ax Y, T). (4.1.1)
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Now, the first term on the right in (4.1.1) is locally constant along leaves, since it
can be written as

(VXA)xY,T) = (Vx(AxY),T) — (AvxY,T) — (AxVxY,T)
— X(AxY,T) — (Av xY,T) — (AxVxY, T,

where both V% X and V%Y are basic, whereas
TX(AxY,T) = [T, X[{AxY,T) + XT(AxY,T) =0

because [T, X| is vertical. Thus, (Sx AxY,T) is constant along leaves by (4.1.1),
so that x(X) is also constant, since

(SxAxY,T) = (AxY,SxT) = (AxY, T)r(X).

Summarizing, x(X) is locally constant for all X in a nonempty open subset of
basic fields along the leaf through p, and & is therefore basic. O

Examples and Remarks 4.1.1. (i) In a space of constant curvature ¢, any sub-
manifold with flat normal bundle is locally a leaf of a (flat) metric foliation, as
remarked in Examples 2.2.1(ii). This foliation cannot be extended to the whole
space if ¢ > 0 by Theorem 2.2.2. For ¢ = 0, it can iff L is totally geodesic. When
¢ < 0, however, there is no such rigidity. This also shows that Theorem 4.1.1 does
not hold in this case: Consider for example a line in hyperbolic space. Deform
the line in a neighborhood of some point so that it is no longer totally geodesic
there, but do it slightly so that the exponential map of the normal bundle is still
one-to-one. Exponentiating parallel sections of the normal bundle then yields a
metric foliation of hyperbolic space that is not isoparametric.

(ii) The Hopf fibrations with fibers S' and S? are homogeneous. Even though
the higher-dimensional Hopf fibration S'° — S® with fiber S7 is isoparametric (in
fact, it is totally geodesic) by Theorem 4.1.1, it is not homogeneous. Before arguing
this, notice first that since the fibration is a fat bundle, it is weakly substantial; i.e.,
the image of the A-tensor equals the whole vertical distribution. This implies that
it cannot be homogeneous. In fact, we claim that if a homogeneous submersion is
weakly substantial, then the fiber is a Lie group (the fiber of the Hopf fibration is
S7, which of course is not a Lie group). To see this, let G be the group of isometries
generating the fibration, so that a fiber has the form G/H, where H is the isotropy
group at some point p. Consider h € H. Since m o h = 7 and since h preserves
the vertical, and hence horizontal distributions, it must preserve basic fields; i.e.,
h«X = X o h for any basic field X (and in particular, h, is the identity on the
horizontal space at p). h. must then also preserve the bracket of basic fields, so
that h.A,y = A,y for any horizontal vectors x, y at p. Thus, h, is the identity
on the vertical space also, and since h is an isometry, it is the identity map. This
means that H is trivial, and the fiber is G, as claimed.

(iii) Recall that given a metric foliation on M, a one-form « is basic if its
metrically dual vector field of is basic. This is easily seen to be equivalent to
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requiring that a(T") = 0 and da(T, E) = 0 for any vertical field T and arbitrary
field E. More generally, a differential form o on M is said to be basic if

wra =0, pda =0, for vertical T,

(» denotes interior multiplication). By definition, the differential of a basic form is
again basic, so that d, when restricted to the algebra of basic forms, induces a so-
called basic cohomology of the leaf space introduced by Reinhart [110]. A number
of authors have studied this complex in an attempt to develop a basic Hodge theory
and basic Laplacian, leading to a representation of basic cohomology classes by har-
monic forms, see, e.g., [79] in the isoparametric case and [101] in the general case.

4.2 Metric fibrations of Euclidean space

Our next objective is to derive a classification of Riemannian submersions 7 :
R™t* — B™. A simple, yet illustrative example to keep in mind throughout this
discussion is the orbit fibration 7 : R — B? = R3/R, where R is the Lie group of
isometries acting on R? = C x R via glide-rotations; i.e.,

Rx (CxR) — CxR,
(t, (z,t0)) — (ea, to + 1),

cf. Examples and Remarks 1.5.1(iv). Notice that there is exactly one totally
geodesic fiber, namely the z-axis. It turns out it is the fiber over the soul of
the nonnegatively curved manifold B2.

In general, if 7 : R""* — B" is a Riemannian submersion, then B™ has
nonnegative curvature, and 7 factors as a fibration over the universal cover of
B, followed by a covering map. Covering maps in nonnegative curvature are well
understood (see, e.g., [37]), and we may therefore assume without loss of generality
that B is simply connected. It follows from the long exact homotopy sequence of
7 that the fiber of the submersion is connected. Using the spectral sequence for
the homology of the fibration, one concludes that B is contractible, cf. [70]. Since
B is also a vector bundle over a soul, it must be diffeomorphic to Euclidean space,
and any soul consists of a point.

Proposition 4.2.1. If 7 : R*"** — B is a Riemannian submersion, then the fiber
over any soul of B is an affine subspace.

Proof. The general idea is to lift the soul construction to Euclidean space, cf. also
[38]: Let {p} denote a soul of B, ¢ : [0,00) — B a ray emanating from p. Notice
that any lift ¢ of ¢ must also be a ray: this is of course trivial in this case, since any
normal geodesic in Euclidean space is a ray, but is also true in general: otherwise,
for some ¢, the line segment from ¢&(0) to &(¢) would be shorter than ¢, implying
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that ¢ = m(¢€) is not minimal. If

B = | Bi(c(t)

t>0

is the open half-space determined by ¢ from the soul construction, then 7(Bz) =
B, since m maps metric balls onto metric balls of the same radius. Denote by Bc
the union of all Bz, where ¢ ranges over all lifts of ¢, and by C, its complement
in R"t*. C, is closed and convex (as an intersection of closed half-spaces), and by
construction, C. C W(C’c), where C, is the complement of B, in B. The reverse
inclusion also holds, for otherwise, one could find some g € C, such that 7(q) € Be;
i.e., there would exist some tg such that d(7(q), c(to)) < to. But then the horizontal
lift to ¢ of a minimal geodesic from 7(q) to ¢(tg) is a curve of length less than ¢y con-
necting ¢ to é(tg) for some lift ¢ of ¢, contradicting the fact that ¢ € Cz. Next, set

C’:zﬂé’c, C’:zﬂC’c,

where ¢ ranges over all rays emanating from p. Just as above, one has that C' is
a closed convex set of Euclidean space with C' = 7~ *(C) and C = 7~ 1(dC). If
C = {p}, then C = 7~ 1(p) is a closed, connected, convex submanifold without
boundary of Euclidean space, i.e., an affine subspace. If C' has nonempty boundary,
define sets

Co={qeC|dqdl)>a}, C"={qeC]|d(qdC)>a},

where 0 < a < max{d(q,0C) | ¢ € C}. Both sets are closed and totally convex
by the results from Chapter 3. Furthermore, given any two points pg, p; in B,
the distance between them equals the distance between the fibers over them, as
well as the distance between any point on one fiber and the other fiber. This is
easily seen to imply that C* = 7=1(C). Iterating this procedure finitely many
times until the set in the base no longer has boundary (and therefore equals {p})
lets us draw the same conclusion as when C' consists of the single point p, thereby
establishing the result. O

The above proposition allows us to strengthen Theorem 4.1.1 in the case of
a fibration of Euclidean space:

Proposition 4.2.2. The mean curvature form k of a Riemannian submersion  :
R™* — B™ is basic and exact; i.e., there exists a function f : B — R such that

k=d(fom).

Proof. The fact that & is basic follows from Theorem 4.1.1, so we only have to show
that it is closed. Since k vanishes when applied to vertical vectors, ds(U,V) = 0
for vertical U, V. Furthermore, for basic X, the bracket [X, U] is vertical, so that

de(X,U) = Xk(U) - Uk(X) = -Uk(X) =0,
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because k is basic. It remains to show that dk(X,Y) = 0 for basic X, Y, or
equivalently (by Proposition 1.4.1), that the vertical field AxY has vanishing
divergence. Now, this divergence is the one induced by the fiber metric, since
(VzAxY,Z) = —(AxY,V2Z) = 0 for basic Z. Furthermore, the divergence is
constant along fibers because x, and hence also dk, is basic. Denote by F' the
totally geodesic fiber over the soul, and consider a minimal segment ¢ from F' to
some fiber L at distance [ from F'. The horizontal lifts of 7 o ¢ induce a holonomy
diffeomorphism /i : F' — L, and by Lemma 1.4.2, the derivative of h at any point ¢
of F' satisfies h,u = J(l), where J is the holonomy field along the line ¢ — exp(tZ,),
with J(0) = w (here, Z denotes the basic field along F' that extends ¢(0)). Now,
F is totally geodesic, so that J'(0) = —A%u, and J(t) = E + tF, where E and F
are the parallel fields with F(0) = u and F(0) = —A%u. In particular E and F
are mutually orthogonal, so that

o] = Jul? + 2 Aul.

Thus, the norm of h, is bounded below by 1, and since |AxY| is constant along
fibers, it is also bounded above by some constant. It follows that if B,, C L denotes
the h-image of a ball of radius 7 in F' about some point, then vol B, > a - r* and
volOB, < b- 7%~ for some positive constants a and b. If N,. denotes the outward
unit normal field to dB,., then Stokes’ Theorem implies

/ (AxY, N,)
0B,

so that div AxY = 0 if the above inequality is to hold for all » > 0. g

a-|diVAXY|-Tk§ Sb'|Axy|-Tk_1,

diVAXY‘ =

B,

Up to a congruence of R"**  the totally geodesic fiber F is {0} x R¥ ¢ R*+k,
Normalize the function f : B — R from Proposition 4.2.2 so that it equals zero at
7w (F). If w is the vertical volume form from Proposition 4.1.1, define the holonomy
form of the fibration to be the k-form 7 given by

7= e~ (Fomy.

It can alternatively be described as follows: Consider an oriented orthonormal
parallel basis F1, ..., Ey of vector fields along F', and extend them radially via
holonomy diffeomorphisms from F; i.e., define vector fields U; on Rt by

Uiz, u) = ||(Ei(0,u) — A%, Ei(0,u)), i=1,...k, (4.2.1)

where || denotes parallel translation from (0, u) to (z,u), and J(g,v, is the canonical
isomorphism of Euclidean space with its tangent space at (0,u). Thus, for a line
¢ emanating orthogonally from F', U; o ¢ is the holonomy Jacobi field that equals
E; at 0. The relation between the U; and 7 is given by the following:

Lemma 4.2.1. nﬁ =Ui AN NUyg.
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Proof. Since n and the dual of Uy A - -+ A Uy are both vertical forms, it suffices to
show that at any point p,

N, ... vk) = (U1(D) A+ ANUk(D),v1 A+ Avg),

where v1, ..., v, denotes a positively oriented orthonormal basis of the fiber at p;
equivalently, that e=(/°™) = w(U;,...,Uy). Now by definition, both functions are
constant equal to 1 along F'. Furthermore, if X is the tangent field of a horizontal
geodesic emanating from F', then

X(e*(fOTr)) - _e*(fOﬂ)X(f om) = _e*(fOTr),i(X)7
whereas by Proposition 4.1.1,

X(w(Uy,...,Ux)) = Lx (w(U1,...,Ux)) = (Lxw)(Un,...,Uk)
= —W(Ul, ey Uk)H(X),

using the fact that [X, U;] = 0. The claim clearly follows. O

Lemma 4.2.1 says that the k-form Uy A --- A Uy is holonomy-invariant in
the sense that the wedge product of holonomy fields is independent of the chosen
horizontal path. We will soon see that the vector fields U; are in fact global Killing
fields that generate the isometric action. In the special case of a one-dimensional
fibration, it is easy to see that U is a Killing field, i.e., that the assignment z —
V.U is skew-adjoint: If T = U/|U| is the unit field in direction U, then U =
e~ (fom)T 5o that, for horizontal X,

(VxU,X)=—(VxX,U) =0,

whereas 1
(VyU,U) = 5U(€—2(fm)) -0

since m,U = 0. Finally,
(VxU.T) + (V7U,X) = X (e"U°™) + emUomk(X) =0

by Lemma 4.2.1. Thus, U is Killing.

For simplicity of notation, we will, for the remainder of the section, identify
Euclidean space with its tangent space at any point. Thus, the vector field U; from
(4.2.1) becomes a map from R"** to itself, and the holonomy form (or rather its
dual ) is a map from R"** to Ay (R"*). We say a map from R"** to a vector
space is polynomial of degree at most r if each component function ¢ : R"t* — R
of this map in some basis is a polynomial of degree at most r in the usual sense.
For example, each vector field U; is polynomial of degree at most 1 along any
affine subspace R" x {u}, since the map = — A*FE is linear. It follows that n® is
polynomial of degree at most k along these subspaces. In fact, it is polynomial
along any horizontal space, not just those based at F'; this will be a key point in
the forthcoming classification of metric fibrations on Euclidean space:
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E(p2)

Figure 4.1: Holonomy invariance in dimension one.

Lemma 4.2.2. n* is polynomial of degree at most k on every affine horizontal
subspace.

Proof. Consider p € R"**_ and a point ¢ on the horizontal subspace H through
p. By Lemma 4.2.1, ) is holonomy-invariant, so that

0 (q) = /\ Ui(a) = \ (Uilp) = (A5, + Sq—p)Ui(p)].

K2

Thus, after translating the origin to p, it suffices to show that the map
is polynomial of degree at most k. This in turn follows from the fact that = —
AXE + Sy E is linear. O

Lemma 4.2.3. n* is polynomial along every affine plane through a point (0,a) € F
spanned by a horizontal x and a vertical u in the image of A,.
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Proof. Normalize x to have length 1, and denote by H(t) the horizontal space at
(tx,a) for t > 0; i.e., at distance ¢ from F along the (horizontal) line in direction
x through (a,0). By Lemma 4.2.2, n* is polynomial on H(t). Now, x is in H(t)
for all t. By a continuity argument, the claim follows once we establish that wu is
in H(oo), where the latter denotes the limit of H(t) as ¢ — oo. In fact, H(c0) is
the direct sum of the kernel of A, and the image of A, because of the form of
holonomy fields in Euclidean space: the holonomy field J that equals £ at time
0is J(t) = E — tAXE (where E is extended to be parallel). Now, let ¢ go to
infinity, to conclude that the vertical space at infinity is spanned by (ker + Im)A%.

Equivalently, the horizontal space at infinity is spanned by (ker +Im)A,. O
Au
x
H ,\ ~
| ~
.H(t) o T
P
4
\ [
F ~ N H(OO)

Since I is totally geodesic, any vector x in its normal bundle v may be
extended by parallel translation to a horizontal vector field along F'. Such a field
will be denoted by the same lowercase letter x to distinguish it from the uppercase
notation X for basic fields. Thus, the former are the parallel sections for the
usual Euclidean connection VP on v, whereas the latter represent those that are
parallel for the Bott connection VZ from (1.3.3). The connection difference form
Q) = VP — V75 is then the 1-form on F with values in the bundle of skew-symmetric
endomorphisms of v given by

Qu)r = —Aju, ueTF, x€uw.

At this point, it is convenient to simplify matters by getting rid of the “transla-
tional” part of the submersion, which is grosso modo the kernel of A*: for a point
p in the fiber F, denote by A, the (affine) space at p spanned by all integrability
fields A,y. Define the kernel of A* to be the union over p € F of .AIJ;. We then
have the following

Proposition 4.2.3. 7 factors as an orthogonal projection RMTE=1x RE — RPTF—1
{0} followed by a Riemannian submersion 7' : R"T*=! — B where the fiber F' of
7’ over the soul of B is spanned by the image of A; i.e., for anyp € F', F' = A,.
Furthermore, given parallel sections x, y of the normal bundle v' of F’, ALy is a
parallel vector field along F'.



146 Chapter 4. Metric Foliations in Space Forms

Proof. Let x be a vector in the normal bundle v of F' at (0, a), and u a vector in the
image of A,. By Lemma 4.2.3, the holonomy form is polynomial along the plane
through (0, a) spanned by x and u, and therefore so is its derivative in direction
x. The restriction of this derivative to the line ¢ — ~,,(t) := (0, a + tu) is given by

vwﬂ:_ZElA--.AA;Em--.AEk.

Now, the E; are parallel, and A} E; is horizontal and bounded in norm. Since a
bounded polynomial is constant, we conclude that each A} E; is parallel along -y,

or equivalently,
(Agy o) =0, uelmA,. (4.2.2)

Thus, the image of A, though a priori not of constant rank along F, is totally
geodesic, and consists of a disjoint union of affine subspaces. Next, let u € ker A%.
We claim that 4, (t) € ker A% for all t. To see this, consider the variation V (¢, s) =
expg,, tr, which projects down to a variation W = m o V on the quotient. The
Jacobi field Y (t) = W. D2 (t,0) induced by W satisfies Y(0) = 0, and

Y'(0) = m.Vp,(0,0)(VaD2)* = =1V}, 0.0y (VaD2)V = m Aju = 0.

Thus, Y is identically zero, or equivalently, the parallel field = is actually basic
along 7, so that A%, = —(x 0~,)" = 0. This establishes the claim. The latter in
turn implies that the image of A has constant rank: in fact, it says that for any
point p in F', .A; = ker Ay is totally geodesic since it is the intersection over all unit
horizontal = at p of the kernel of A%. Now, up to congruence, Ay is R*~! x {0}
for some integer | by (4.2.2). It follows that for any (a,b) € R x R*¥! = F,
Ay = ker A7, | = {a} x R, since Ay, ;) = {a} x R". Thus, A, = R x
{b}, and F splits isometrically as R¥~! x R! with the image of A tangent to
the first factor, and the kernel of A* tangent to the second one. This splitting
extends to all of Euclidean space, since the kernel of A* is invariant under parallel
translation along horizontal lines « that intersect I, thereby establishing the first
part of the proposition. After factoring out an orthogonal projection, we now have
a submersion 7/ : R"™*~! — B where the fiber F’ over the soul of B is spanned
by the image of the A-tensor. An argument similar to the one that led to (4.2.2)
then implies that each integrability field is parallel along any line in F”, thereby
concluding the proof. O

We are now in a position to classify metric fibrations of Euclidean spaces:

Theorem 4.2.1. Let m : R"™* — B™ be a Riemannian submersion with connected
fibers. Then there exists an orthogonal representation ¢ : R¥ — SO(n), such that,
up to congruence, w is the orbit fibration of the free isometric group action 1 of
RE on R™F =R™ x R* given by

() (z,u) = (¢(v)z,u + v), u,v €RF, =z eR"™
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i
Afa,0)

Conversely, of course, given any homomorphism ¢ : R¥ — SO(n), the orbits
of the free isometric action 1 described above form a metric fibration of R™t%.
Before going into the proof of the theorem, it may be useful to give a rough
description of the main idea involved: If we identify the trivial rank n normal
bundle v of F' with R™ by means of parallel translation, then the bundle of skew-
adjoint endomorphisms of v is simply so(n). Similarly, TF is identifiable with F’
via parallel translation. The connection difference form Q = V® — VZ can then be
viewed as a linear map 2 : ' = R¥ — so(n). Proposition 4.2.3 now implies that
Q) is a Lie algebra homomorphism. The corresponding Lie group homomorphism
turns out to be the representation ¢ in the theorem.

Proof. In general, it is a standard fact that if V! and V? are connections on a
vector bundle with connection difference 1-form Q = V! — V2, then the curvature
tensors of these connections satisfy

R' — R? = dg=2Q +[Q, Q] (4.2.3)

where dy denotes the exterior derivative operator associated to V; i.e.,

deQ(U,V) = VyQ(V) - VyQU) — QU, V], (4.2.4)
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cf. [106]. Now, both the Bott and the Euclidean connections on v are flat (since
they admit globally parallel sections), so that if Q = V*—V# then (4.2.3) becomes

dth == —deQ = [Q, Q] (425)

If U, V are parallel vector fields on F, and x is a parallel section of v, then by
Proposition 4.2.3, A%V is a parallel section of v, so that

(VUQ(V))I =Vu (Q(V)I) = —VU(A;V) =0

(4.2.4) then implies that dyn() = 0, and (4.2.5) that [Q,Q] = 0. F = R¥ will be
identified with its tangent space at any point via parallel translation, and similarly,
sections of the normal bundle of F' will be viewed as maps from R to R™. The
restriction of Q to 0 € R* then defines a linear map from R¥ to so(n), which we
denote by the same letter. The fact that [2,Q] = 0 now implies that it is a Lie
algebra homomorphism. Let ¢ : R¥ — SO(n) denote the corresponding Lie group
homomorphism, and for horizontal x € R”™, consider the section X of v given by
X (u) = ¢(u)x, for u € RF. If v, w € R¥, then

(VuX)®) = 5 (1 6o+ tw)a) = (1 (1) - 6o} = Q)X (v),
dto dt o
so that X is the basic field along F' with X (0) = z. Thus, the fiber through any
point (x,u) € R™ x RF can be described as the set of all (X(u +v),u+ v) where
X is the basic field with X (u) = x and v ranges over R¥. This completes the proof
of the theorem, since the free action v in the statement satisfies

B(0) (@, 1) = (S)z,u+v) = ($u + 0)o(~u)e, u+v) = (X (u+v),u +0).

Here, we have used the fact that X (0) = ¢(—u)z, which follows from X (u) =
o(u)X(0) = . O

It was already observed in Example 2.3.1 that along any given fiber of m,
there exists a point-wise orthonormal basis of Killing fields. This in turn implies
that the fibers are flat submanifolds of R***. From the above description of the
action 9, they can be viewed as generalized helices.

The soul argument no longer works of course for metric foliations, since one
has no global complete quotient space. Using different methods, it was shown in
[62] that they are also homogeneous, at least for leaves of dimension less than
three.

In [24], Boltner studies the so-called equidistant foliations of Euclidean space.
These are singular metric foliations in the sense that leaves need not share the same
dimension, but on the other hand, they are required to be imbedded submanifolds,
and furthermore globally equidistant; i.e., the distance function from a fixed leaf
is constant when restricted to a leaf. The latter condition guarantees that the
space B of leaves inherits a metric space structure, and is in fact an Alexandrov
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space of nonnegative curvature as defined for example in [29], with the projection
R"** — B a submetry. Just as in the fibration case, B is shown to have a one-
point set that is totally convex, the preimage of which is an affine subspace. The
foliation is not, however, necessarily homogeneous.

4.3 Metric foliations of spheres

We now consider a k-dimensional metric foliation F of the Euclidean sphere M =
Stk All local results and most global ones actually hold on any complete space
form of positive curvature, since such a folation can be lifted to the universal cover.
Nevertheless, we shall assume for the sake of simplicity that M is a sphere.

According to Theorem 1.8.1, there is a single dual leaf, so that the dual
distribution at any point consists of the whole tangent space. This suggests that
the A-tensor is highly nontrivial. We begin with the following

Lemma 4.3.1. If z is a nonzero horizontal vector, then A%u # 0 for any eigenvector

u of Sg.

Proof. If not, then the holonomy field J along ¢ — 7,(t) := exp(tx) that equals
u when t = 0 satisfies J'(0) = —S,J(0) — A%J(0) = —AJ(0) for some scalar A.
Then J = (cos —Asin)E, where E is the parallel field along ~, with E(0) = w.
This contradicts the fact that J can never vanish. g

As a consequence, the A-tensor cannot vanish at any single point of M.

Definition 4.3.1. F is said to be substantial along a leaf L if there exists a normal
vector « € H,, at some p € L such that A, : H, — V), is onto, or equivalently, if
A} is one-to-one.

Of course, if A% is one-to-one, then it remains so for all x in an open dense
subset of H,,. Furthermore, this condition is independent of the point p in L, since
AxY has constant norm along L for basic X, Y by O’Neill’s curvature formula.
Now, Theorem 1.5.1 implies in our present context that

(VYA),y =S, Ay — SyA,x — Sz Az, x,y,z € H. (4.3.1)

In particular, if © = z = ¢(t) is the tangent field of a horizontal geodesic ¢, and Y
is horizontally parallel along ¢, then

(AY)™Y = 25:A.Y,

so that the kernel of A; is horizontally parallel, and A; has constant rank. Thus,
if F is substantial along a leaf L, then it remains so along all leaves in an open,
dense subset of M.

Proposition 4.3.1. If k < 3, then F is substantial everywhere.
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Proof. Although the argument requires considering several cases (and is therefore
fairly long), it always relies in an essential way on Lemma 4.3.1. Let p € M, L
the leaf through p. We may assume that S, # 0 for any nonzero z, for otherwise
the claim follows from Lemma 4.3.1. Thus, the linear map z — S, from H, to
the space of self-adjoint endomorphisms of V, is one-to-one, and in particular,
n < k(k + 1)/2. On the other hand, n + k must be odd — the tangent bundle of
an even-dimensional sphere admits no proper subbundles — so the only remaining
possibilities are (k,n) equaling (2,3), (3,6), (3,4), (2,1), or (3,2). In the first three
cases, where n > k, consider, for u € V, = R¥, the skew-adjoint endomorphism
A, of H, = R" given by A,z = A%u for x € R™. We claim that for any nonzero u,

rank A, > n — k. (4.3.2)
In particular, A, is nonzero if u # 0, so that
dim E =k, E={A,|ucR". (4.3.3)

Thus, V, = R¥ is spanned by all A,y, z,y € H,. To see why (4.3.2) holds, assume
to the contrary that A, has rank < n — k for some nonzero v € V,; then A,
has nullity > k, and the space W,, = {S, | € ker A,} has dimension at least
k by Lemma 4.3.1 again. But W, must then intersect the space of self-adjoint
endomorphisms of V, that have v as eigenvector, since the latter, as a subspace
of the space of all self-adjoint endomorphisms, has codimension k£ — 1. In other
words, there exists a nonzero x such that v is an eigenvector of S, and Av = 0,
contradicting Lemma 4.3.1.

An equivalent way of saying that F is substantial along L is that there exists
a vector x € H,, that is not annihilated by any nonzero element of E from (4.3.3);
i.e., Ayx # 0 for any nonzero u € V,. The case (k,n) = (2,3) then follows, since a
two-dimensional space E of skew-adjoint endomorphisms of R3 cannot annihilate
all of R3. Although this can easily be argued directly, we will prove it instead in
the setting that will be used in the other cases: consider the real projective space
RP? of the three-dimensional vector space o(3) of all skew-adjoint endomorphisms
of R3; since any nonzero element of o(3) has nullity 1, the subset E of RP? x R3
consisting of all ([a],u), where a € E'\ {0} and u € ker ¢, is a smooth line bundle
over a curve in RP2. The projection 7y : E — R3 onto the second factor has
as image the set of points in R? annihilated by E, and the latter has therefore
measure zero.

Next, let k = 3 and n = 6. By (4.3.2), any nonzero o € E has nullity at most
2; thus, any given « is either invertible or has two-dimensional kernel. If no « is
invertible, then as above, the subset E of RP? x RS consisting of all pairs ([a], u)
with o € E\ {0} and u € ker « is a plane bundle over a two-dimensional projective
space, and F cannot annihilate a set of dimension greater than 4. So assume
some a € FE is invertible. Recall the canonical isomorphism As(R?") 2 o(2n)
that maps u A v to the skew-adjoint transformation w — (v, w)u — (u, w)v, and let
& € Ay(R?™) denote the bivector associated to a € 0(2n). Notice that « is singular
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iff f(a) =0, where f is the Pfaffian, f(a) = *@™/n. Thus, f(«) is a homogeneous
cubic polynomial in the components of « relative to any given basis of E, and the
annihilating set f~1(0) is a cone over a manifold of dimension < 1. The set F
above is then a plane bundle over this manifold, and cannot annihilate all of RS.

We next consider the case k = 3 and n = 4. If the Pfaffian is not identically
zero, then the claim follows as above, so we only need to show that f cannot be
trivial. In that situation,

0=2f(a) =xa A a, acE,

(i.e., @ is decomposable), and by polarization, @A 3 = 0 for any a, 3 € E. Consider
a basis o; of E, 1 <14 < 3. Since a; A as = 0, they share a common factor, and
we may write

a1 = €9 N €y, Qo = €9 N\ €3

for some independent one-forms €g, €1, €3 on R*. Now, &3 may or may not lie in
the span of €; A€, 0 <4 < j < 2. In the former case, consider any €3 that does not
belong to the span of ¢;, 0 < i < 2. If e; denotes the basis dual to ¢;, then all of
FE annihilates e3, which contradicts Lemma 4.3.1. In the latter case, &z = 8 A €3,
and since it shares a common factor with a; and as,

g = (8060 + 5161) N €z = (toeo + t2€2) N €3.

It follows that sg = to, and s; = to = 0; i.e., &g is a multiple of €y A €3, and no
nonzero element of E annihilates the vector e of the dual basis.

Finally, the last two cases cannot occur by [90] (cf. also [91]), where Molino
provides a classification of Riemannian foliations of codimension k£ < 3 on com-
pact, simply connected manifolds. In our situation, this also follows by a direct
argument: the case (k,n) = (2,1) may be ruled out since otherwise A = 0, con-
tradicting Lemma 4.3.1. Next, consider k = 3, n = 2. At any point, the image of
the A-tensor is one-dimensional, and the claim again follows from Lemma 4.3.1,
if we can establish that for some nonzero z, S, has an eigenvector orthogonal to
that image; i.e., if given any two-dimensional subspace E of self-adjoint endomor-
phisms of R? and any plane P through 0 in R?, some element in E* = E \ {0}
has an eigenvector in P. We will argue this by contradiction: if not, then each
element of E* has three distinct eigenvalues, thus defining continuous functions
Ai 0 E¥ — R with Ay < A2 < As. Similarly, we can find continuous unit eigen-
vector fields X; : E* — R3\ {0}, SX;(S) = \i(5)X;(S) for S € E*, with image
contained in one of the two open half-spaces with boundary P. But —S has eigen-
values —A1(S) > —A2(S) > —A3(S5), so that X1 (—9) = X3(9), X2(—95) = X2(9),
and Xg(—S) = Xl(S) Thus, X1 A Xo A Xg(—S) =-X1 NXo /\Xg(S), which is
impossible since E* is connected. O

From now on, we assume, unless otherwise specified, that the leaf dimension
k is no larger than 3. Let U denote a connected open set such that the restriction
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Fu is given by the fibers of a Riemannian submersion 7 : U — B, and consider the
space 2 of integrability fields spanned by all AxY on U where X, Y are elements
of the space 8 of basic fields on U. Our next endeavor is to show that 2 is a Lie
algebra. Notice first that by Proposition 1.5.1,

T AYAxY = %(W*R(xy V)X — R (n, X, m.Y)m.X),
so that A AxY € B if X, Y € B, and thus,
T(AxY,AxZ) =0, T vertical, X,Y,Z € B. (4.3.4)
Lemma 4.3.2. If X, Y € B, then SxAxY € 2.
Proof. (4.3.1) implies
2(SxAxY,AxY) = %X|AXY|2 —(AxVRY, AxY) — (AyVx X, Ay X),

which is constant along leaves by (4.3.4), since TX = XT — [T, X], and [T, X] is
vertical. By polarization,

T(SxAxY,AxZ) =0, T vertical, X,Y,Z € B. (4.3.5)

Consider a leaf L in U. Since F is substantial, we may assume that Ax is onto
L. Using (4.3.4) and (4.3.5), we can find Yi,...,Y; € B such that AxYj is
an orthonormal frame of eigenvector fields of Sx with constant eigenvalues A;
along L. Then for any basic Y, the restriction AxY|;, is a constant linear com-
bination ) . o;AxY;, with o; = (AxY,AxY;), and SxAxY = AxZ, where
Z = Zl a;N\Y; € B. Thus, SxAxY €. O

Proposition 4.3.2. A & B is a Lie algebra that contains A as an ideal.
Proof. For X, Y € B, T € 2, the Jacobi identity implies

2AxY.T] = [[X, Y], T] = [[X,Y].7] ~ [[X,Y]* ]
= [X7 [Y’TH - [Y7 [X’TH - [[XvY]h7TL

and it remains to show that
[Y,T] € , YeB Te (4.3.6)
Now, by (4.3.1),
[X,AxY] = V¥ AxY + SxAxY = 3Sx AxY + Ax V%Y — Ay V% X,
and using Lemma 4.3.2, we conclude that [X7 [X, Y]"} € 2. Thus, by polarization,

(X, [Y, Z]Y] + [V, [X, Z]Y] e . (4.3.7)
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Furthermore,
[Y, [Z, X]"} + [Y, [X, Z]"} =0, (4.3.8)

and
[Z,[ X, Y] + [V, [X,2]Y] = —[Z,[V,X]Y] - [V, [Z,X]"] e A (4.3.9)
by (4.3.7). Adding (4.3.7) through (4.3.9) then implies
(O [X,[Y,2]"]) + 3]V, [X, Z]Y] € ¥, (4.3.10)

where OO denotes cyclic summation. Now, [X .Y, Z]"} is vertical by the Jacobi
identity, so that

o [X [V, 2]] =0 [X,[v.Z]]- o [X, [V, Z]"] = - O [X, [y, Z]"]"
=20 Ax[Y,Z|* € 2,

which, together with (4.3.10), proves (4.3.6). O

It follows from Proposition 4.3.2 that the restriction 2;, of 2 to a leaf L in
U is a Lie algebra with dimension k¥ < dim2, < (%). We now improve on this
estimate:

Lemma 4.3.3. (T1,Ts) is constant along L for any T; € Ay,. In particular, Ay, has
dimension k.

Proof. Tt must be shown that (Az, Zs, Az, Z4) is constant along L for any Z; €
5. Since Ax is onto Vp for an open dense subset of basic fields X along L,
we may assume that the Z; belong to a subspace H of basic fields along L, of
dimension 3 < dim H = m + 1 < 4, such that Ax,(H) = V., for some Xy € H. By
(4.3.4), there exist linearly independent X1,...,X,, such that {Ax,X; | <k} is
an orthonormal basis of V. Using skew-symmetry of A, it suffices to show that
(Ax,X;, Ax, X)) is constant for 0 <i < j <m, 1 <1 < k. Now, by (4.3.4), this is
true if = 0, or ¢ = [, or j = I. The other cases then follow from (4.3.4) together
with the fact that Ax, X; has constant length: for example, when k = 3, then

(Ax, Xo, Axy X3)? = |Ax, Xo|® — (Ax, Xa, Ax, X1)? — (Ax, X2, Ax, X2)*
is constant. O

We are now in a position to prove the main result of this section. The ar-
gument will make use of the following classical theorem, a proof of which can be
found in [116]:

Theorem 4.3.1 (Fundamental theorem for submanifolds). Let M;, i = 1,2, denote
k-dimensional Riemannian submanifolds of the simply connected spaceform Qm+F
of constant curvature ¢, h : My — My an isometry. Let E(v;) denote the total
space of the mormal bundle v; of M; in Q., and suppose there exists a linear
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bundle isometry H : E(v1) — E(va) covering h, such that H preserves the normal
connections V* on v; and the second fundamental forms S* of M;; i.e.,

Vi (HX)=HVY X, hoSXT = S% h.T

for any sections T and X of the tangent and normal bundle respectively of M;.
Then there exists an isometry h of Q. such that h|M1 = h, and the restriction of

h, to E(v1) equals H.

Theorem 4.3.2 (Gromoll-Grove, [56]). When k < 3, any k-dimensional metric
foliation of the Euclidean sphere S™t* is homogeneous; specifically, it is the orbit
foliation of a connected k-dimensional Lie subgroup of SO(n +k + 1).

Proof. Consider a point p in the sphere, and the leaf L containing it. We begin by
constructing a group of local isometries of L near p. These will then be extended
to the whole ambient space. Denote by G the local Lie group of diffeomorphisms
of some neighborhood of p in L generated by the flows of vector fields in 2. There
are neighborhoods U of e in G and V of p in L such that ¢, : U — V, 1,(g) := g(p),
is a diffeomorphism. According to the discussion in Section 2.3, a vector field on
V belongs to 2y, iff it is ¢p-related to a right invariant vector field of G. Denote
by R the algebra of vector fields on V that are 12,-related to left invariant vector
fields of G; i.e.,

R ={T €X(M)|T =1, Xo01,", X €g}.

Since left and right invariant fields commute, [, &;] = 0. This implies that &1
is an algebra of Killing fields: in fact, since 21, contains a point-wise orthonormal
basis of the vertical space, it suffices to check that the transformation 7' — VX,
X € Ry, is skew-adjoint on these basis elements. But this is clear, since

1
(VrX.T) = (VxT.T) = 3X(I.T) =0, T €.

We next extend the isometries of V' C L generated by Kr to (unique) leaf-
preserving isometries of an open set in the sphere. Using the fact that a local
Killing field has a unique global extension, the theorem then clearly follows. So
consider such a local isometry ¢, and extend it to a linear isometry ® of the normal
bundle of L near p by defining

dX :=Xo¢, XEcB.

We claim that ¢ preserves the normal connection: if T € 2 and X € 9B, then
V%X = —A%T is basic by Lemma 4.3.3, and ¢,T = T o ¢ because the algebras
and K7, commute. Thus,

P(VEX) = (VBX) o=V X =VE ;X =VH(Xo0¢) = VHIX).

In the same way, ® preserves the second fundamental form: Lemmas 4.3.2 and
4.3.3 imply that Sx2 C 2, so that

0 SxT = (SxT) o ¢ = Sxop(T 0¢) = SoxdT
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The fundamental theorem for submanifolds then implies that ¢ extends to an
isometry of a tubular neighborhood of V' in the ambient space. Since this isometry
must then locally be given by expy, o® oexp‘_/l7 where expy, is the exponential map
of the normal bundle of V, it preserves leaves. O

Little is known at present concerning metric foliations of spheres with higher-
dimensional leaves. One remarkable fact is that when k > 1, they are always
generalized Seifert fibrations, in the sense that all leaves are compact [52]. The
latter are fairly similar to actual fibrations, at least from a homotopical point of
view [75].

We end the section with a brief description of the foliations that can occur
in Theorem 4.3.2. If £ = 1, then F is the orbit foliation of a one-dimensional
Lie subgroup G of SO(n + 2), and is therefore determined by a homomorphism
¢:R— SO(n+2), 4(t) = ™, where M = $(0) € o(n + 2). The skew-symmetric
matrix M is similar, via an orthogonal matrix, to a block matrix of the form

0 -\
A0

diag{iAi,...,iXs,0...,0} :=

0

where 0 < A1 < --- < Aq. Since the action is free, M must actually have the form
diag{iA1,...,i)\s}, and n is even, with s = 14 (n/2). Normalize M so that A\; = 1.
Then, up to congruence, G is a direct sum of rotations

diag{e eir2t et} 0< A <A << 1.

Notice there are always at least s compact leaves that are totally geodesic circles,
namely the orbits of the odd standard basis vectors e, es, ..., e,+1. All leaves are
compact iff each A; is rational. Among these foliations, only one is a fibration,
namely the Hopf fibration, corresponding to A; =1 for all j.

Next, consider the case k& = 2. Since the only two-dimensional subgroups
of an orthogonal group are abelian, there can be no metric foliations of this di-
mension: for otherwise, there would exist independent M, N in the Lie algebra of
G with vanishing bracket. Then M and N would share a common basis of com-
plex eigenvectors, and such a vector would have the same orbit under the actions
t— etM t i et implying the action is not free. This also shows, incidentally,
that there are no free O(k)-actions on spheres if £ > 3, since the orthogonal Lie
algebra is then no longer simple, and contains linearly independent commuting
vectors.
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When k = 3, the last argument implies that G has SU(2) as universal cover.
The classification in this case is obtained via representation theory, and we will
limit ourselves to merely stating the result. The interested reader should consult
[56] and [27] for further details. Let V;, denote the complex vector space of homo-
geneous polynomials p of degree n in two complex variables z1, 29,

n

k_n—k

p(z1,22) = E agz129
k=0

and define an action p,, of SU(2) on V,, by setting

(9p)(2) =p(z9), g€ SUQR), peVa, z=(21,2),

with zg denoting matrix multiplication. Notice that p; is just the standard action
of SU(2) on V; = C2%. The main result is that three-dimensional foliations of
Snt+3 exist precisely when n = 41, and any such foliation is given by a direct
sum pp, & - - - P py, of irreducible representations of SU(2), with n; odd for all j,
1<ny <---<ng,andny +---+ns =2((n/4) + 1) — s. Here again, only one is a
fibration, namely the Hopf fibration with ny = --- =ngs = 1.

As far as metric fibrations of spheres are concerned, it follows from [28] that
the fiber must be a homotopy sphere of dimension one, three, or seven. The first
two cases are covered in Theorem 4.3.2, and the last one was solved by Wilking
in [139], using Morse theoretical methods:

Theorem 4.3.3 (Gromoll-Grove, Wilking). Any Riemannian submersion S"t* —
M™ of a Euclidean sphere is congruent to a Hopf fibration.

In the special case of totally geodesic fibers, this result is due to Escobales
[46] and Ranjan [107]. The extra assumption is quite strong, of course, and it is
easy to see directly that in this case, M must be a rank one symmetric space:
consider a point p in M. Local geodesic reflection in p of a curve ¢ can be obtained
by horizontally lifting that curve to the sphere, reflecting it in the fiber over p, and
projecting back onto M. The first two steps preserve the length of ¢ since the fiber
is totally geodesic, so that geodesic reflection in M is distance non-increasing. It
must then be an isometry, because its square is the identity. Thus, M is locally
symmetric. If the fiber of 7 is connected, then M is simply connected, and hence
globally symmetric. The rank statement follows from the fact that M has positive
curvature by O’Neill’s formula.

The discussion of foliations in space forms carried out in the last two sections
raises several new questions: it would for example be interesting to determine how
much of the rigidity that is apparent in constant nonnegative curvature carries
over to more general manifolds, such as symmetric spaces. Most of the few known
results deal with one-dimensional metric foliations: they have been shown to be
homogeneous if the ambient space is a compact Lie group [94] with bi-invariant
metric or S? x R with the standard product metric [61]. The methods used in
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each case are specific to the situation at hand and do not easily generalize. In
a related but slightly different direction, it is known that the same result holds
for the Heisenberg group [95]; there are, however, noncompact Lie groups with
left invariant metrics that admit one-dimensional metric foliations which are not
homogeneous [135].

4.4 Geometry of the tangent bundle

In order to discuss metric foliations on a compact space form M of nonpositive
curvature, some properties of the geodesic flow on the tangent bundle of M will
be needed. The reader familiar with these concepts may skip this section without
loss of continuity, and the one who wishes to study them in more detail is referred
to [102] or [106].

Denote by m: TM — M and 7 : T*M — M the bundle projections.

Definition 4.4.1. The fundamental 1-form # on the co-tangent bundle T* M is given
by 8(a) = 7*«, for « € T*M.

Thus, for £ € (T*M )4, 0(a)(§) = a(Txab)-

The Levi-Civita connection ‘H of a Riemannian manifold M induces a bundle
homomorphism K : TTM — TM over m : TM — M, called the connection
map, defined as follows: a vector £ € TTM decomposes as &P + &V € Ha V),
where V = kerm, and H = ker K. For p € M, v € M, and V,, = 1., (M,), with
v : My — TM denoting inclusion, denote by J,, : M, — (Mp), the isomorphism
given by J,w = ¥(0), v(t) = u + tw. Then

K& = (1.0 J,)t¢v. (4.4.1)
Alternatively, for a vector field X on M and u € T M,
V. X = KX, u. (4.4.2)

Since the restrictions 7. : Hy — My () and K : Vy — My, are both isomor-
phisms, the map
(me, K) : TTM — TM & TM

is a bundle isomorphism over m : TM — M. In fact, its inverse Z : TM &
TM — TTM is described as follows: for u € TM, w, 2 € My (), consider a curve
~v: I — M with 4(0) = 2. If Z denotes the parallel field along v with Z(0) = u
(i-e., Z is the horizontal lift to TM of ~ starting at u), then

I(z,w) = Z(0) + 1 Ty w.
We will routinely identify (7'M ), with M () X My, via the isomorphism (7., K).
The Sasaki metric ({,)) on the manifold TM is that metric for which (7., K)

becomes a linear isometry. It is a connection metric in the sense of Proposition
2.7.1.
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Recall that a vector field S on T M is called a spray on M if m, 08 = 1pp
and Sopu, = apg«S, where u, denotes multiplication by a € R. The geodesic spray
S is the unique horizontal spray on M; i.e., S(u) = (u,0), u € TM. The integral
curves of S are precisely the velocity fields % : I — T'M of geodesics v : I — M
of M.

We shall denote by b : TM — T*M, b(u) = (u,-), and b : TTM — T*TM
the musical isomorphisms induced by the metrics on M and T'M respectively. The
cotangent vector b(u) is often written as u’. The next proposition says that the
geodesic spray is essentially the metric dual of the fundamental 1-form on T M:

Proposition 4.4.1. 5P = b*g.
Proof. Let we TM, £ € (TM),. Since 7 ob = m and S is horizontal,

b*0(€) = 0(0.&) =’ (7 0 0.8) = w’(me€) = (u, M) = (M S(u), meE)
= ((5(w), £))- L

Define a complex structure J on TT M by setting J(u, w) = (—w, u); equiv-
alently,
med = — K, KJ=m,. (4.4.3)

Then the 2-form €2, where
Q(& 77) = <<J§7 77>>7

is a symplectic (i.e., nondegenerate) 2-form on T'M, and if n is the dimension of
M, then Q" equals (—1)I"/2n! times the Sasaki metric volume element. On the
other hand, —d# is also a symplectic form, but one on T*M rather than T M. The
relation between the two is given by the following:

Proposition 4.4.2. Q = —d(b*0); i.e., Q is the metric pullback of the canonical
symplectic form —d# on T*M.

Proof. Viewing the identity map 17 on TM as a vector field on M along 7 :
TM — M, we have

VX(].T]\/[):]"((].T]\/[)WXV:.[{)(7 X eXTM.
Thus, if Y is another vector field on T M, then

A 0)(X,Y) = —X(m S, mY) 4 Y (1S, 1 X) + (1S, 1 [ X, V)
= ~(Vx(Irm), mY) — (Irar, VxmY) + (Vy (1w, 7 X)
+ (I, Vyme X) + (Irp, i [ X, Y])
— (KX, 7Y+ (KY, 7. X) = (m.JX, m.Y) + (KJX, KY)
= ((JX,Y)),

where we used (4.4.3) in the equality before last. O
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Proposition 4.4.3. If h : TM — R denotes the energy function, h(u) = (1/2)|ul?,
then ig€Q) = dh.

Proof. S is horizontal for the submersion 7 : TM — M, and if ~ is an integral
curve of S, then wo~ is a geodesic of M. Thus, v is a geodesic of the Sasaki metric,
and S is an auto-parallel vector field. Given a vector field X on T M,

isQUX) = =d(p"0)(S, X) = =5((S, X)) + X((5,.5)) + ({5, [5, X))
= —((5, Vs X =[5, X])) + X((S,5)) = =({S, Vx9)) + X((5,5))
1

— SX((S,5)) = X(b)

since ((S,9))(u) = (7.5, 7 S) (u) = (u,u). O

Proposition 4.4.3 says that the geodesic spray is the Hamiltonian vector field
of the energy function with respect to €.

Assume from now on that M is compact. Instead of working on 7'M, we shall
restrict ourselves to the unit tangent bundle 7'M = {u € TM | |u| = 1}, which
has the advantage of being compact. We first describe the tangent space of this
manifold at a given point:

Proposition 4.4.4. If v : T'M < TM denotes the inclusion map, then for u €
T'M,

1 (T M), = {£ € (TM), | (K& u) =0} = JoS(u)*.
Alternatively, under the isomorphism (7., K), 1.(T*M), = (0,u)*. In particular,

there is a unique vector field on T*M that is 1-related to S (it will be denoted by
S also).

Proof. Since T'M is the pre-image of 1 under the energy function h, the space
1.(T* M), is the kernel of h,u, which by Proposition 4.4.3 equals {¢ € (T M), |
Q(S(u),€) = 0}. But Q(S(u),€) = ((JS(u),€)) = (K&, u) by (4.4.3). O

We will denote by o the restriction 2*b*6 to T M of the 1-form b*6 on T M.
By Proposition 4.4.1, ¢ is the metric dual of the geodesic spray S on T'M. Since
the volume form of T'M is
(_1)[n/2] (_1)n+[n/2]

the volume form of T*M is
1 n+[n/2)

. * — . n
w:ngzw:T i175do”,

with i ;5 denoting interior multiplication by JS. But i jsdo™ = n(ijsdo)A(do)" 1,
and for X € XT'M,

igsdo(X) = —Q(JS, X) = —((J*8, X)) = ({5, X)) = o(X).
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Thus,
n+[n/2
w= Lmo A (do)™ L. (4.4.4)
(n—1)!
A 1-form « on an odd-dimensional manifold M?"~! is said to be a contact form if
a A (da)™~! is nowhere zero. (4.4.4) implies that the metric dual of the geodesic
spray is a contact form on the unit tangent bundle.

Since T'M is compact, S is complete, and its flow is a one parameter group
{b+}1er of diffeomorphisms, called the geodesic flow of M. The volume form w has
finite integral over T'M, and thus induces a probability measure on that space,
called the Liouville measure.

Proposition 4.4.5. The geodesic flow is measure-preserving; i.e., given A C T M,
the volume of ¢+(A) is constant, t € R.

Proof. The statement follows once we establish that Lgw = 0, or using (4.4.4), that
Lgo =0. Now, Lgo =igdo + digo = igdo, because igoc = 1. Given X € ¥T'M,
igdo(X) = —Q(S,X) = —{(JS, X)) =0, since JS is orthogonal to T'M. O

Proposition 4.4.6. Givenv € T*M and (u,w) € (T*M),, dp(u, w) = (J(t), J' (1)),
where J is the Jacobi field along the geodesic t — exp(tv) with J(0) = u, J'(0) = w.

Proof. Recall that for v € TM, ¢:(v) = é,(¢), where ¢, (t) = exp(tv). Consider a
curve v : I — T*M with v(0) = v, 4(0) = (u,w). Then
(t,5) = V(t,s) :=mo ¢y 0(s) = exp(ty(s))

is a variation by geodesics of ¢,. The corresponding Jacobi field ¢ — J(t) =
ViDs(t,0) is given by

J(t) = i 0 o1 7(0) = s 0 P (u, w),
and

Jl(t) = le(t7O)VkD2 = ng(t,O)V*Dl'
But Vi D1(t,s) = ¢(v(s)), so

J'(t) = Vpoy(¢t 07) = K(¢1 07).D(0) = K 0 ¢y (u, w),
as claimed. O

We end this section with two ergodic theorems that hold on measure spaces
with a measure-preserving transformation, see [130]. In our context, with the trans-
formation being the geodesic flow, they can be stated as follows:

Theorem 4.4.1. Let A be a submanifold of the unit tangent bundle of M that is
measure-invariant under the geodesic flow.

1. (Oseledets) For almost every v € A, there exists a direct sum decomposition
of the tangent space

A, =Ve(v) @ V¥ (v) d VO(v)
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of A at v, where for £ # 0,

S ; : 1

Ee Vi) iff thrin ¥1n|¢t*§| <0,
1

e Vi) iff . lirin ¥1n|¢t*§| > 0,
1

§eVi() iff lim <o =0,

2. (Birkhoff) If f: A — R is integrable, then for a.e. u € A,

—tlirglo /f(bs ds exists, and/fw—/fw

4.5 Compact space forms of nonpositive curvature

Although at the time of writing there does not seem to be a classification of
metric foliations in space forms of curvature k < 0, we will see that there are
severe restrictions, at least in the compact case, cf. [81], [133]. The main tools
used in the argument are the ergodic theorems introduced in the last section. So
let M be a compact space of constant curvature x < 0, and F a metric foliation
on M. We begin by identifying the tangent space H, of the horizontal bundle H
at « € H. Notice that if 7' denotes the unit horizontal bundle, then for x € H!,
HL = H, N (0,z)* by Proposition 4.4.4.

Lemma 4.5.1. H, = {(e, f) € My(p) X Mr(q) | f € Aenz — Spe¥ +H}.
Proof. Both spaces have the same dimension 2n — k, so we only need to show that
H. is contained in the space on the right. Consider { = (e, f) € H, and a curve
Z in H with Z(0) =¢. If c:=7moZ, p:=¢(0), then (Z,U oc) =0 for any vertical
field U, so that
0=(Z,Uoc)(0) =(Z",Uoc)(0)+(Z,(Uoc))(0)

= (K& U(p)) + (z, Va U) = (f,U(p)) + (z,VU)

< )> <.Z‘ veh U> <.73, ve" U>

= p)) = (Aenz,U(p)) + (Sze¥, U(p)).

Thus, f¥ = Az — SgeV, as claimed. g

_|_
_|_

Consider H' as a Riemannian submanifold of T'M, where T'M is endowed
with the Sasaki metric, and observe that H' is invariant under the geodesic flow,
since a geodesic that starts out horizontally remains so.

Proposition 4.5.1. The geodesic flow {¢:} is measure-preserving on H?.
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Proof. Given x € H'! and ¢ € H., denote by Y¢ the Jacobi field along the
geodesic t — exp(tz) with Y¢(0) = m.¢, Y'(0) = K& By Proposition 4.4.6,
bes€ = (Ye(t), Y¢(t)), after the usual identification of TTM with TM & TM via
(s, K).

Consider first the negative curvature case, which we normalize so that x =
—1. Then Y¢(t) = €' Ey(t) + e ' Ex(t) for some parallel fields E;, and given n € H_.,
we have

2
(Dutls burm) = Y are® (4.5.1)

k=-2

for some constants aj. But if w is the volume element of H' and &; is a basis of
HZ, then
$rw(&r,. . ban—k—1) = (det(ppi, 61.;))"> (4.5.2)

must be constant by (4.5.1) and compactness of H?.

The flat case is similar: Jacobi fields now have the form ¢ — Ey(¢) + tEa(¢),
so that (4.5.2) becomes the square root of a polynomial in ¢. Compactness of H!
then forces it to be constant. 0

Theorem 4.5.1. Let M be a compact space form of curvature k < 0. If Kk < 0, then
M admits no metric foliations. If k = 0, then any such foliation splits; i.e., it is
locally congruent to a metric product foliation.

Proof. We will show that the foliation is flat (and in particular, its orthogonal
complement is a totally geodesic foliation). In negative curvature, the statement
follows from the fact that compact manifolds of negative curvature admit no totally
geodesic foliations [128], and in the flat case, from Theorem 2.2.2.

In the hyperbolic case, consider a point z € H! where the decomposition
stated in Oseledets’ ergodic theorem holds, so that H. = V*(z) & V¥(z) & VO(x).
We claim that

Vi(z) CA={(e,e) | e € My},

Vi(2) C A" = {(e,—€) | e € My(p)}- (4.5.3)

The arguments are similar in both instances, and we only prove the latter. Denote
by p* : HL — V¥(z) the projection. As pointed out earlier, if & = (u,v) € H},
then Ye(t) = e'Eq(t) + e 'Ex(t), with E; parallel, E1(0) = (u+v)/2, E5(0) =
(u —v)/2. Then

1
It |ge.€] = In (|Ye2 + [Y2) % () = 2+ S In [ By + e[ Baf?]

Notice that if E; # 0, then (In|¢.:£])/t — 1 as t — oo, so that p*¢ # 0. In other
words, if £ € V¥(z), then E! =0, and v = —u as claimed.

Now, consider any horizontal 0 # y | z. By Lemma 4.5.1, (0,y) € H., and
since V?(z) is spanned by (0, ), (0,y) = (e,e)+(f, —f) € V¥(x) ®V*(x) for some
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e, f. But then —f = e = /2, from which we conclude that (y,y) € HL. Again by
the lemma, Ayxz = 0. Thus, A, = 0 for almost every z, and by continuity, F is
flat.

In the zero curvature case, choose z € H! as in the statement of Birkhoff’s
ergodic theorem, with f : H! — R given by f(z) := |A%|?. The result will follow
once we show that if U is a unit vertical field along the geodesic ¢ in direction z,
then (1/t) fot |AzU|> — 0 as t — oo. Assume first that U can be written as .J/|J]|
for some holonomy Jacobi field J along c. Since J = E + tF for parallel fields F,
F', we have
P |F|?
|J2 |E|2+2HE, F) +t2|F|?’
and the claim certainly holds in this case. In general, if J;, ¢ = 1, 2, are holonomy
fields with .J;(0) orthonormal eigenvectors of S¢(g), then the angle £(Jy(t), J2(t)) —
£(J1(0), J5(0)) as t — oo by linearity of Jacobi fields in Euclidean space. It follows
that there exists an orthonormal basis {u;} of eigenvectors of S;(g) such that if .J;
is the holonomy field with J;(0) = u;, then the angle between any two J;(t) and
Ji(t) lies in some fixed interval (o, ), for some 0 < a < 8 < m, and all ¢ > 0.
This in turn implies that U equals a functional linear combination Y f;(J;/|J:|)
with bounded f;, and thus (1/t) [y |AzU[*> — 0. O

|ALU? < [AZUP +[S.U|*

It should be noted that the argument above extends with only minor mod-
ifications to compact locally homogeneous manifolds of negative curvature. It is
therefore tempting to conjecture that there are no metric foliations on compact
manifolds of negative curvature, especially in light of the following result (see
[108]):

Theorem 4.5.2. A compact manifold M with negative Ricci curvature admits no
one-dimensional metric foliations.

Proof. We begin by computing the divergence of the mean curvature vector field
Z = V7T of F, where T is a (local) unit vertical field. Let pe M, 7 : U — B a
submersion defining F in a neighborhood U of p, and X; local orthonormal fields
on B with Vg X;(m(p)) = 0. Then the basic fields X; on U that are 7-related to
X; satisfy V% X;(p) = 0. Now,

divZ =Y (Vx,VeT, Xi) + (Vo VT, T). (4.5.4)

The second term on the right equals —|V7T|?, whereas the first term may be
rewritten as

(Vx,VrT, X;) = Xi(VrT, X;) — (VoT,Vx, X;)
= Xi(VrT, X;) = X;(Sx,T,T)
= (Vx,(Sx,T),T) + (Sx, T, Vx,T)
=((VX,9)y, T, 7).
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Using (1.5.9), we obtain
(Vx,VoT, X;) = (R(T, X;)X;, T) — |A%,T]* + |Sx, T
Substituting in (4.5.4) and noticing that |V T'|> = Y, |Sx,T'|?, we finally get
div Z = Ric(T) — |A*T|?, (4.5.5)

with |[A*T'| denoting the norm of the operator  — A*T. The theorem now clearly
follows, since the divergence of Z integrates to zero over M. O

One further consequence of (4.5.5) is that if the sectional curvature of a
compact manifold M is nonpositive, then any one-dimensional metric foliation of
M splits: In fact, both the A-tensor and the vertizontal curvatures must vanish,
so that Theorem 2.2.2 applies.

In light of the above discussion, a negatively curved manifold M that admits
a one-dimensional metric foliation cannot be compact. So what does M look like,
topologically? If the curvature is a constant x, then the answer is known: Namely,
when x = 0, M must be isometric to R xpR" ™! where I' = 71 (M) acts diagonally
by rigid motions. When s < 0, M is diffeomorphic to R x (R xp R"~2), with T" as
above, and in particular, M admits a flat metric. For a proof, the reader is referred

o [10]. Tt should be noted, though, that this does not generalize to nonconstant

negative curvature. For example, let S denote any compact surface with genus
> 1, endowed with a hyperbolic metric, and let N denote the warped product
R X+ S. Define a function f : N — R by f(t,p) = €. Then the warped product
M = N xR has negative curvature, and since the hypersurfaces N x {t} are totally
geodesic in M, their orthogonal complement are the leaves of a one-dimensional
metric foliation on M. M, however, is diffeomorphic to S x R2.
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